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PREFACE TO THE THIRD EDITION. 

The Geometry of Conies has been recast in the third 
edition, so as to serve as an introduction to a larger work 
now approaching completion. 

The characteristic feature of the edition is the use of 
the Eccentric Circle, which contributes to a concise and 
uniform treatment of the three species of conies. 

The Asymptotes of the hyperbola are shewn to be coin- 
cident with its self-conjugate diameters, and their properties 
are deduced from a limiting case of a property of conjugate 
diameters in general. 

The principle that Chord-properties should be proved 
independently of Tangent-properties is still adhered to, 
although in the general rearrangement of the text it 
seemed no longer desirable to confine the two classes of 
properties to separate chapters. 

The work now to some extent resembles my first 
work on Geometrical Conies, published in 1863; but the 
general chapter has been made more complete than I was 
then able to make it. 

October 1879. 



PREFACE TO THE FOURTH EDITION. 



A FOURTH edition having been called for the work has 
been revised and in a measure enlarged by the insertion 
of some further corollaries (Arts. 40, 54, 59) and a chapter 
on Curvature and also of a Lemma on points at infinity 
and a Scholium on the metric properties of diameters 
which are needful for a right conception of the hyperbola 
in itself and in its relation to the ellipse. 

The collection of Problems has been reconstructed by 
Mr J. S. Yeo, Fellow of St John's College. 

A sketch of the history of this branch of Mathematics 
from the earliest times will be found in the Prolegomena 
to the work referred to in the preface to the third edi- 
tion as approaching completion, and since published under 
the name of An Introduction to the Ancient cmd Modem 
Geometry of Conies. 

November 1883. 
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THE GEOMETEY OF CONICS. 



INTEODUCTION. 

We shall have occasion in the course of the work to 
assume the following 

LEMMAS. 

A. To prove geometrically that 

(a+by-{a^by^^ab. 

If four rectangles whose sides are equal to a and b be 
fitted symmetrically about the square on a '-6, the whole 
figure will make up the square on a + 6. 



or 



Therefore 



T. G. 



(a + by = {a'- by + 4a6, 
(a + by - (a - by = iab. 



\. 



2 INTRODUCTION. 

The same is proved in Euclid ii. 8, but by an unsym- 
metrical construction which shews only a gnomon of equal 
area instead of the four rectangles. 

In illustration of the above, let P^ be any straight line 
bisected in 0, and let Y be any point in P ^ produced (Figure 
Art. 13); then 

PY'-'QY'^{OT-\- OP)' -{07- OPy 

^W7.0P^207.PQ\ 

B. The distance of any point in a straight line produced 
or within it from the middle point of the line is half the swm 
or difference of its distances from the extremities of the line. 

For let mM be any straight line and L its middle point. 
And first let a point B be taken in mM produced. Then 

BL - RM =^i^mM^Rm- RL, 
pr Pi = i(i2J/+Pw). 

Npxt let a point N be taken within mM, Then 
NM- NL = \mM^ Nm + NL, 
or NL^l {FM-* Nm). 




C. The ordinate of the middle point of a straight line is 
equal to half the sum or difference of the ordinates of its 
extremities. 

From the extremities of a straight line Qq and from its 
middle point let parallels QM, qm, OL be drawn to meet 

* Otherwise thus. Since py + P r= 20y (Lemma B), and Pr-Qy=PQ; 
therefore (Euo. ii. 6, Cor.) PY^^Q7^:^20Y.PQ. 
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any given straight line or aods ; and let these parallels be 
called the ordinates of the points from which they are drawn. 

Draw qK parallel to mM to meet QM; and first let Q 
and q lie on the same side of the axis. Then, since qK 
cuts off from OL a length equal to iQK, therefore 

OL — qm = ^ {QM— qm), 

or 0L = i{QM+q7ri). 

Next draw a figure in which Q and q lie on opposite sides 
of the axis. Then it may be shewn in like manner that 

OL^-HQM-qm). 

That is to say, the ordinate of is equal to half the sum 
or difference of the ordinates of Q and q according as these 
points lie on the same side or on opposite sides of the axis. 

D. The sum of the squares of the distances of any point 
from the extremities of any straight line is double of the sum 
of the squares of its distance from the middle point of the 
line and of half the line. 

For if /SiS' be the given straight line, P the given point, 
PN a perpendicular to SJff, and G the middle point of SS\ 

then SP'= 08"+ 0^ + 208. CN, 

and S'P'= 08*+ CP'-2C8'. CN; 

therefore by addition, since C8' is equal to CS, 

SP' + 8P'=-2CS'+2GP'. 

E. To divide a given straight line in a given ratio of 
majority or of minority. 

A ratio is said to be a ratio of equality, majority or 
minority according as it is equal to unity, or greater or less 
than unity. 

(i) First let SX be the given straight line, which is to 
be divided in a given ratio of majority. Draw SH in any 
direction, and produce it to K, so that 8H : HK may be 
equal to the given ratio. Join KX, and draw HA parallel 
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to KX to meet 8X in A. Then since 

8A : AX=SH : HK, [Euc. vi. 2. 

the point A divides 8X internally in the given ratio. 

Upon HS take HK' equal to HK. Join KX, and draw 
HA' parallel to it to meet iSX produced in A\ Then 

8A : A'X:=^8H : HK = 8H : HK, 

or the point A' divides 8X externally in the given ratio. 




In this case the points A and A' will always lie on the 
same side of 8, because K and K' lie on the same side of 8. 

(ii) Next let it be required to divide 8X in a given 
ratio of minority 8H : HK, Draw a figure in which HK is 
greater than 8H, Then, using the same lines of construction 
as before, we determine the two required points of division A 
and A\ which must always lie on opposite sides of 8, 
because K and K' lie on opposite sides of 8. 

It is evident that there is only one point at a finite 
distance which bisects a straight line, or divides it in a ratio 
of equality. But the point ex at infinity on any straight line 
iSX likewise divides it in a ratio of equality iScx : Xoo. 

F. To divide a given straight line in a ratio greater or 
less than a given ratio. 

In the figure given above let it be required to divide 8X 
in a ratio greater than the ratio of majority 8A : AX. This 
is done by taking the point of division N anywhere between 
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A and A\ For if XL be drawn as in the figure parallel to 
NH to meet 8R in L, then 

8N : NX= SH : EL>8H : HK 

> SA : AX, 

In like manner it may be shewn that every point in A A 
produced either way divides SX in a ratio less than SA : AX. 

Next, if SA : AX be a ratio of minority, as in the second 
case of Lemma E, it may be shewn in like manner that SX 
is divided in a ratio less than 8 A : AX by every point in 
A A', and in a ratio greater than SA : AX by every point in 
AA' produced. 

G. Harmonic section of a straight line. 

If a straight line SX be divided internally and externally 
in the same ratio at A and A' so that 

8 A' : A'X=SA : AX; 

then 8 A' : 8 A =AX : AX 

= 8A'^8X : SX^SA, 

or 8A\ SX, 8 A are in harmonic progression. 

Hence SX is said to be divided harmonically at A and A\ 

The relation between 8A\ SX, 8 A may also be written in 
the form 

112 



SA • SA' 8X' 

Notice, as a limiting case, that 8X is divided harmoni- 
cally by its middle point and its point at infinity, for if A' be 
taken at infinity 8A becomes equal to ^8X, 

H. Opposite points at infinity coincide. 

This Lemma is necessary for the right understanding of 
the genesis of the hyperbola. 

Take an unlimited straight line PP\ and let OM be the 
perpendicular to it from an assumed point without it. 
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The line may be regarded as traced by a point P lying on 
a ray OP which turns continuously about 0. For adjacent 
positions P and P' of the tracing point the angle of rotation 
POF is small : conversely we may say that the smallness of 
this angle is the test of the adjacence of P and P'. 

But if P and F be on opposite sides of and indefinitely 
remote from M, we may still pass, viz. through infinity, from 
P to P' by turning OP through an indefinitely small angle. 
Such points are therefore quasi-adjacent, and the opposite 
points at infinity on the line are quasi-coincident. 

From this it follows that every straight line, or system of 
parallels, has one point only at infinity, as was assumed in 
Lemmas £ and G. 



DEFINITIONS. 



[Further definitUmt wiU he given at the beginnings of the chapters, aJS 

occasion arises^l 



9 

1. A Conic Section*, or briefly a ConiCy is the curve 
traced in a plane by a point which moves in such a way that 
its distance from a given point is in a constant ratio to its 
distance from a given straight line. The given point is called 
the Focus, the given straight line the Directrix,' and the con- 
stant ratio the Eccentricity of the conic. 

If 8 be the focus, P any point on the conic and PM the 
perpendicular from it to the directrix, the ratio of 8P to PM 
is constant. If P" be any other point on the conic, and P'M' 
the perpendicular from it to the directrix, then 



or 



SP : PM=SF : P'M', 
SP : SF^PM: FM. 




jcaTs 



Let us now take a particular case, and suppose the direc- 
trix to be at an infinite distance from the focus. In this case 
PM : FM' is a ratio of equality, and therefore 8P : 8F is 

* The conic sections were so called because they are the carves in which 
a plane can be made to intersect a cone, as will be shewn in the seventh 
chapter. 
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a ratio of equality. That is to say, SP is always equal to 
SP\ and the locus of P is a circle. Thus it appears that our 
definition of a conic is an extension of the definition of a 
circle. 

2. A conic is called a Parabola, an Ellipse, or a Hyper- 
bola, according as its eccentricity is a ratio of equality, of 
minority, or of majority. 

3. The Aads is the unlimited straight line through the 
focus at right angles to the directrix, and the points in which 
it meets the conic are called the Vertices. When one vertex 
only is spoken of the vertex which lies between the focus and 
the directrix is signified. 

It is evident from Lemma E that the parabola has only 
one vertex at a finite distance, and that the ellipse and the 
hyperbola have each two vertices. 

4. The middle point of the line joining the vertices is 
called the Centre of the conic. The ellipse and the hyper- 
bola are called Central Conies, in contrast with the parabola 
which has no centre at a finite distance. The straight line 
through the centre at right angles to the axis is called the 
Conjugate Aads, 

5. A Chord of a conic is properly the finite straight line 
joining any two points on the curve ; but the term is also 
used to denote the unlimited straight line joining any two 
points on the curve. The extremities of a chord are the 
points in which it meets the conic. 

6. The Latiis Rectwm is the focal chord, or chord through 
the focus, at right angles to the axis. 

7. A Diameter is the locus of the middle points of a 
system of parallel chords : it will be proved that the diame- 
ters of conies are straight lines. One diameter is said to be 
conjugate to another when it bisects chords parallel thereto, 

8. The Principal Ordinate, or briefly the Ordinate, of 
any point is the perpendicular drawn from it to the axis. 
More generally, the ordinate of any point to any diameter is 
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the line drawn from the point to that diameter in the direc- 
tion parallel to the conjugate diameter. 

9. A Tangent to a conic is the limiting position of a 
chord or secant whose two points of intersection with the 
curve have become coincident. Thus if P and Q be adjacent 
points on a conic, and if the chord joining them be turned 
round P, or be moved about in any other way, until its ex- 
tremity Q coincides with P, the chord in its limiting position 
becomes the tangent at P. Hence a tangent is said to be a 
straight line which passes through two consecutive or coinci- 
dent points on the curve. 

The chord of contact of two tangents is the chord joining 
their points of contact. 

10. The Normal at any point of a conic is the perpen- 
dicular to the tangent at that point. 

11. If about any point in the plane of a conic a circle 
be described such that the ratio of its radius to the per- 
pendicular distance of its centre from the directrix is equal 
to the eccentricity, the circle may be called the eccentric 
circle of the conic with respect to that point, or briefly the 
Eccentric Circle of the Point, 

12. The Order or Degree of a curve is determined by the 
number of points in which it can be met by a straight line. 
Thus a curve of the second order or degree is one which a 
straight line meets generally in two and never in more than 
two points. 

All the points at infinity in any plane constitute a locus 
of the first degree, which is called the Straight Line at In- 
finity ^ since by Lemma H every other straight line in the 
plane passes through one point only at infinity. 



GHAPTER I. 
DESCRIPTION OF THE CURVE 

1. Having given the focus y directrix and eccentricity of a 
conic, it %8 required to describe the curve. 

Let S be the focus *^ MM' the directrix, and X the point 
in which the axis meets the directrix. In 8X take the point 
A so that the ratio of SA to AX may be equal to the eccen- 
tricity (Lemma E). Then A is the vertex of the conic. 

Draw a straight line cutting the axis at right angles in 
N \ and let P and P' be the points in which the line meets 




* The planets describe approximately ellipses about the snn in one focns. 
For this reason the first letter of Sol is used, as by Newton, to denote the 
FocuSi or as he called it the Umbilicus. We shall use the letters S, A^ X m 
above without further explanation, so that SA : AX will always denote the 
eccentricity. 
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the circle described with 8 as centre and radius 8P, such 
that 

SP :NX = 8A :AX. 

Draw PM perpendicular to the directrix. Then 

8P :PM=8P:NX=-8A : AX, 

or P is a point on the conic. In like manner it may be 
shewn that P' is a point on the conic. 

If now we suppose the chord PP to slide at right angles 
to the axis, so as to assume all possible positions, its extremi- 
ties will trace out the complete curve. 

2. ITie three species of conies. 

In* order that the lii^e and the circle in the above con- 
struction may intersect, the length Slf must be less than the 
radius 8P, or 

8^ :^''X<8A :AX, 

In the case of the Parabola we must have SN'<NX. 
The point N may therefore be taken anywhere in XA pro- 
duced, and the curve consists of one infinite branch spreading 
out from the vertex and away from the directrix. 

In the Ellipse, if A' be the second vertex, the point iV 
may be taken anywhere between A and A' (Lemma F), and 
the curve consists of one oval branch (Fig. Art. 5) lying on the 
same side of the directrix with the focus. ^ 

In the Hyperbola, it A^ be the second vertex, the point 
N may be taken anywhere in AA' produced (Lemma F), 
and the curve consists of two infinite branches on opposite 
sides of the directrix. 

3. The symmetry of the curve. 

From the foregoing construction it is evident that the 
curve is symmetrical with respect to its axis, since its points 
are always determined in pairs as P and P' in corresponding 
positions above and below the axis, so that the part of the 
curve below the axis is the accurate reflexion of the part 
above the axis. 
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D^CRII»TION OF THE CURVE. 



It follows also that the tangent at A is at right angles to 
the axis, since when the point N coincides with the vertex, 
8T =SA = SP' ; that is to say, the points F and P' coalesce 
at Ay and the chord joining them, which is always at right 
angles to the axis, becomes the tangent to the conic at its 
vertex (Def. 9). 

4. The focal distance of any point on a conic is in a 
constant ratio to the distance of the point from the directrix 
measured parallel to any fixed straight line which meets the 
directrix. 

From any two points P and P' on the conic draw PR 
and P'R' in any fixed direction to meet the directrix, and 
draw PM and P'M* perpendicular to the directrix. 



Then 



and 



8P : PM^SF : P'M, 
PM: PR = rM'irR\ 



[Def. 1. 



by similar triangles. 




Therefore 8P : PR = 8F : FR\ 

or (since we may consider P' and FR to remain fixed whilst 
P varies) the focal distance SP varies as the distance PR to 
the directrix measured in any given direction. 

Conversely, every point P which satisfies the above 
relation is a point on the conic. 

Notice in particular that if any chord PQ meet the 
directrix in P, 

SP : PR^^SQ : QR. 
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5. A conic is a curve of the second order. 
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Let a straight line drawn in any direction cut the conic in 
P and meet the directrix in M. Make the angle MSE equal 
to -MSP, and let the line RS produced meet MP in Q. 

Then, by Euclid vi. A or 3, since 8M bisects the angle 
P8R or its supplement, 

8Q : SP = QM : PM, 
or 8Q :QM=8P : PM; 




and therefore Q is a point on the curve (Art. 4) ; and it is 
evident that no third point of intersection of the line PQ 
with the conic can be determined. 

It follows that a straight line which meets a conic will in 
general meet it in two points, and never in more than two. 
A conic is therefore a curve of the second order or degree 
(Def. 12). 

In the Ellipse P and Q lie on the same side and in the 
Hyperbola on opposite sides of M. 

In the Parabola ii PM be parallel to the axis and there- 
fore equal to 8P, 

aMSR==M8P=8MP^MSX, 

or 8R coincides with 8X and the point Q recedes to infinity. 
Hence every straight line parallel to the axis of a parabola 
meets the curve in one point only at a finite distance. 
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6. To describe a conic of given focus, directrix and eccen- 
tricity hy means of the eccentric circle of any assumed point. 

Describe the eccentric circle of any point 0* in the 
plane of the conic (Def. 11), and let a straight line through S 
meet the circle in p and the directrix in R, 

Let the focal radius parallel to pO meet RO m P, and 
let OD and PM be perpendicular to the directrix. 

Then since 8P, pO and PM, OD are parallels, 

8P : Op^PR : OR 

= PM: OD, 

or 8P:PM=:^0p : OD 

= the eccentricity. 




Hence, as p moves round the circle, P traces the conic 
which was to be described. 

Conversely, if any point be taken on a chord PQ of a 
conic, the eccentric circle of will meet 8R (drawn to the 

* Let SL be the eemi-latas rectum, and let the ordinate of O meet the 
axis in 7^ and XL in K, Then since KN : OD=KN : NX=SL : SX=SA : AX, 
the radius of the circle must be taken equal to KN» 
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point of concourse R of the chord with the directrix) in 
points p and y lying upon radii parallel to SP and SQ. 

The student should now draw figures in which the 
eccentric circle touches or cuts the directrix, and trace the 
corresponding conies, which will be in the one case parabolas 
and in the other hyperbolas. 



CHAPTER 11. 



THE GENERAL CONIC. 



We shall commence by proving some of the principal 
properties which are common to the parabola, the ellipse 
and the hyperbola. 

The Tangent. 

PROPOSITION I. 

7. Each of the two tangents which can he drawn to a 
conic from any point on its directrix subtends a right angle 
at the focus. 

Let P and Q be adjacent points on the curve, and let 
PQ produced meet the directrix in B, Then it may be 
shewn (Art. 4) that 

8P : SQ^PB : QB; 




THE GENERAL CONIC. 
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and therefore 8R bisects the angle which 8Q makes with PS 
produced. [Eiic. vi. A. 

Let P8 meet the curve again in 0. , Then since the 
angles RSQ and BSO are always equal, therefore in the 
limit, when Q coalesces with P, each of them becomes a 
right angle, and jBP, which becomes the tangent at P (Def. 
9), subtends a right angle at S. In like manner it may be 
.shewn that the other tangent which can be drawn to the 
conic from R subteuds a right angle at S. 

Corollary. 

Hence it appears that the tangents at the extremities of 
any focal chord OP meet at a point R lying on the directrix, 
and such that SR is at right angles to OP. Conversely, if 
tangents be drawn to a conic from any point R on the direc- 
trix their chord of contact will be the focal chord at right 
angles to RS. The tangents at the extremities of the latus 
rectum meet at X, 



PROPOSITION II. 

8. If Jrom any point T on the tangent at P there be 
drawn perpendiculars TL and TN to SP and the directrix^ 
the ra;tio of SL to TN will be constant and equal to the 
eccentricity. 

For if the tangent at P meet the directrix in R, and if 
PM be a perpendicular to the directrix, then since 8R is at 
right angles to SP (Prop. I.) and is therefore parallel to TL, 
it follows that 

SL : SP^TR : PR 

=^TN I PM. 




:tx 



T. G. 



IS 

Therefore 
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SL : TN^SP: PM 

^SA : AX. 



The line SL is equal to the radius of the eccentric circle 
ofr. 

Corollary. 

To draw a pair of tangents to a conic from a given ex- 
ternal point Ty with 8 as centre describe a circle equal to 
the eccentric circle of Ty and draw the tangents TL and TM 
to the circle (Fig. Art. 9) ; then by the converse of the propo- 
sition 8L and 8M will pass through the points of contact P 
and Q of the required tangents. Draw 8R at right angles to 
SL to meet the directrix in R ; then TR is one of the two 
tangents. Draw SR at right angles to SM to meet the 
directrix in R ; then TR is the second tangent from T. 

PROPOSITION III. 

9. The two tangents which can he drawn to a conic from 
any external point subtend equal or supplementary angles at 
ihe focus. 

For if TP and TQ be the two tangents to a conic from 
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the point T, and TL, TM, TN be perpendiculars to SP, SQ 
and the directrix, then by Prop, ll., since T lies on the tan- 
gent at P, 

SL :TN'=3A :AX; 

and since 7*1163 on the tangent at Q, 

SM : TN=SA : AX. 

Therefore in the right-angled triangles STL and 8TM 
the side SL is equal to SM; and the hypotenuse ST is 
common ; and therefore the angle TSL is equal to TSM. 

Now (i) if TP and TQ touch the same branch of the 
conic, the angles which they subtend at >S are either eqital to 
TSL and TSM (as in the above figure) or supplementary 
thereto. In either case the two tangents subtend EQUAL 
angles at S. 

But (ii) if TP and TQ touch opposite branches of a 
hyperbola (as in the next figure), so that one and one only of 




the lines SL and SM has to be produced backwards to P or 
Q, the two tangents will subtend supfleuentabt angles at S. 



PROPOSmOH IT. 

10. The point of concourse of any two tangents to a 
come and the point tn which their chord of contact meets the 
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directrix lie upon a pair of focal radii which include a right 
angle. 

If P and Q be pointai on the sam^ branch of a conic, and 
if PQ meet the directrix in B, then, as in Prop, i., 8R bisects 




the angle which SQ makes with PS produced ; that is to say, 
it bisects the supplement of P8Q, 

Also, if the tangents at P and Q meet in T, the line ST 
bisects the angle PSQ (Prop. iii.). 

Therefore ST and SB bisect supplementary angles, and 
are therefore at right angles to one another. 

If TP and TQ touch opposite branches of a hyperbola, 
then (completing the second figure of Art. 9) it may be 
shewn that in this case also the angle T8R is a right angle. 



The Normal. 



PROPOSITION V. 

11. The normal at any point of a conic meets the aoois aJt 
a distance from the focus which is to the focal distance of the 
point in a constant ratio equal to the eccentricity. 

For if the tangent at P meet the directrix in R, the circle 
on PR as diameter will pass through 8, since PSR is a right 
angle ; and it will likewise pass through M, the projection of 
P upon the directrix ; and the normal at P will touch the 
circle, since it is at right angles to its diameter PR. 

Let the normal meet the axis in G. 
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Then ^SPO^SMP, 

in the alternate segment of the circle, and 

zP8G = 8PM, 
by parallels. 
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Therefore the triangles SPG and SPM are similar, and 

SG : SP^SP : PM 

= SA : AX, 

or SG varies as SP, as was to be proved. 

Conversely, if in AS produced there be taken a point G 
such that 

SG : SP^SA : AX, 

the line PG will be the normal at P. 

PROPOSITION VI. 

12. At any point of a conic the projection of the normal 
(terminated by the aaris) upon the focal radius is equal to the 
aemi-latus rectum. 

Let the normal at P meet the axis in G : draw GK per- 
pendicular to SP : and draw PN perpendicular to the axis. 

Then by similar right-angled triangles SKG and SNP^ 

SK : SJU'^SG : SP 

= SP : PM [Prop. v. 

= fifP : NX. 
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Hence SP-SK : NX -SN^SP : NX; 




that is to say, PK is to SX in a constant ratio equal to the 
eccentricity, and is therefore equal to the semi-latus rectum. 

Note that when P is taken at an extremity of the latus 
rectum PK coalesces with the semi-latus rectum. 



Diameters. 



PROPOSITION VII. 

13. The locus of the middle points of any system of 
parallel chords of a conic is a straight line which meets the 
directrix on the straight line through the foom at right angles 
to the chords. 

Let PQ be any one of a system of parallel chords, V the 
point in which the focal perpendicular upon them meets the 
directrix, R and Y the points in which PQ meets the di- 
rectrix and SV respectively. 

Then since 8P : PR = 8Q : QB, [Art. 4. 

therefore (supposing for example that SP is greater than 8Q) 

SP'-SQ' : PR'-'QB'^SP' : PR'; 

or, subtracting 8Y' from each of the first two squares, 
Pr»-(2F» : PR'^QR' = 8P' : PR\ 

[Euc. I. 47. 
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But if be the middle point of PQ, 

PF«-(27« = 20F.P(2; 
and similarly, PjB» - QE" = 205 . PQ. 



[Lemma A: 




Hence 



A s 

07 I 0B=8P' : P5*, 

which (Art. 4) is a constant ratio so long as PQ is drawn in a 
specified direction. 

Hence if any other chord be drawn parallel to PQ, and 
if (y, Y\ R be the new positions of 0, F, R, it follows that 

ar : aE^OY '. OR; 

and hence that the points 0, 0\ V lie in a straight line*. 

If now we suppose the point ff to remain fixed whilst 
PQ moves parallel to itself, the point will always lie upon 
B. fixed straight line O'F, as was to be proved. 



Corollary 1. 

The tangent at either extremity of a diameter is parallel 
to the chords which the diameter bisects, since any one of the 
bisected chords may be supposed to move parallel to itself 
until its segments vanish together and its extremities coalesce, 
so that it becomes a tangent, viz. at an extremity of the 
bisecting diameter. If a diameter meets the conic in two 

♦ For if they do He on a straight line, OT : OF=OT: OV^O'R' : OR. 
The required converse may be easily deduced by a reductio ad abmrdum. 
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points, the tangents at those points are parallel to the 
ordinates (De£ 8) of that diameter and to one another. 

Corollary 2. 

If PQ and pq be any two of a system of parallel chords, 
and and o be their middle points, which will lie on a 
fixed diameter, it is evident that Pp and Qq will meet at a 
point T lying on that diameter. Hence, making pq move 




parallel to itself until it coalesces with PQ, so that TP and 
TQ become the tangents at P and Q, we see that the tangents 
ai the extremities of any chord meet upon the diameter which 
bisects the chord ; and conversely, that the diameter to any 
external point bisects the chord of contact of the two tan- 
gents from that point. 



PROPOSITION VIII. 

14. Every central conic is divided symmetrically by its 
conjugate a^ads, and has a second focus and directrix. 

Let AA' be the transverse axis of a central conic, PQ 
any chord parallel thereto, and M the point in which PQ 
or its prolongation meets the directrix. 

Bisect PQ in 0, and draw 8Y perpendicular to PQ ; then 
it may be shewn, precisely as in Prop, vii., that 

07 : OM^SP' : PM'; 
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and hence that the locus of is a straight line at right 
angles to -4-4'. 



J 



X AS 




HAW 




Since this straight line must also bisect AA (which is a 
limiting position of the chord PQ), it meets AA! at the 
centre G of the conic, and coincides with the conjugate axis 
(Def. 4). 

It is evident that this line divides the curve Into two 
parts such that each is the exact reflexion of the other ; and 
hence that the curve has a second focus H and directrix NW^ 
the exact counterparts of the original focus and directrix with 
reference to which the conic was defined. 

Corollary 1. 

From the symmetry of a central conic with respect to its 
two axes, it is manifest that every chord through its centre is 
bisected at that point, and hence that all diameters pass 
through the centre. It is further evident that any two dia- 
meters or focal chords equally inclined to either axis are 
equal to one another ; and that any two tangents to the conic 
from a point on either axis are likewise equal. 

Corollary 2. ^ 

In Art. 13 let the diameter parallel to PQ meet the di- 
rectrix in V: Then in the triangle OFF', since F>Si is at 
right angles to GV and GS to W\ therefore S is the ortho- 
centre and V'S is at right angles to OF*. Hence the diame- 
ter GV bisects chords parallel to CV, or if one diameter be 
conjugate to a second, the second is conjugate to the first. 

* The three perpendiculars of a triangle meet in a point, whioh ia called 
its oTthocentre, 
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The Segments of Chords. 



PROPOSITION IX, 

15. The semi'latus rectum is a liarmonic mean between 
the 8egm£nt8 of any focal chord. 

Let a focal chord PQ or its prolongation meet the di- 
rectrix in R, and let PM, SXt QJ^ he perpendiculars to the 
directrix. 

Then, since 

8P : 8g = PM : qiST^-PR : QR, 

therefore PR-SB : 8R- QR = PR : QR, 

or PR, 8R, QR are in harmonic progression. [Lemma G. 




But by parallels, and fronji the definition of the curve, if 
I he used to denote the semi-latus rectum, 

PR : 8R : QR = PM : SX : QN 

= fifP : I : 8Q. 

Therefore also 8P, Z, 8Q are in harmonic progression. 

Corollary. 

It is easy to deduce that 

l.PQ = l{SP + 8Qi)^28P.8Q. 
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Hence, ifpq be any other focal chord, 

PQ : pq = 8P.8Q : 8p.8q, 

or /occU chords are to one another as the rectangles contained 
by their segments. 



PROPOSITION X. 

16, A chord of a conic being divided at any point, to 
determine the rectangle contained by its segments. 

Let PQ be any chord of a conic, and any point on PQ 
or PQ produced ; it is required to determine the magnitude 
of the rectangle OP . OQ. 

Let the chord meet the directrix in R, and let OD be a 
perpendicular to the directrix. Draw the eccentric circle of 




0, and let it cut 8R in p and q. Then it may be shewn that 
Op is parallel to P8 and Oq to Q8. [Art. 6. 



Therefore 



and 



OP : 8p=0B : Sp, 
OQ : 8q = 0B : Bq. 
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Hence OP. OQ : 8p.Sq= OIP : Bp.Rq 

= OIP : Rt\ 

if Rthe one of the tangents from R to the circle*. 

[Euc. III. 36. 

In this result it is to be noticed (i) that the magnitude of 
8p . Sq depends only upon the position of 0, since when is 
given its eccentric circle is given, and 8p .Sq is constant ; and 
(ii) that the ratio OR^ : Rf depends only upon the direction 
of PQ, since when the angle ORD is given, OB varies as OD, 
and therefore (by the definition of the eccentric circle) as Ot, 
and therefore OR? varies as OB^ -^ Of, or as Rf. 

Corollary 1. 

If through any other point 0' there be drawn a chord 
P'Q' parallel to PQ, and if p' and q' be the corresponding 
positions of p and q, viz. on the eccentric circle of 0\ it fol- 
lows (since the ratio OR^ : Rt^ depends only upon the direc- 
tion of the chord) that 

OP.OQ : 8p.8q=0T\0'Q' : 8p\8q\ 

where the consequents depend only upon the positions of 
and 0'. If therefore any second pair of parallel chords be 
drawn through the same points and 0', we have the general 
theorem that : 

The ratio of the rectangles contained by the segments of 
any two intersecting chords of a conic is the same us f(yr 
any other two chords parallel to the former, each to each. 

Corollary 2. 

This ratio is equal to that of the parallel focal chords (Art. 
15, Cor.) ; and in a central conic to that of the squares of 
the semi-diameters parallel to the chords ; and in the general 
conic to the ratio of the squares of any pair of tangents 

* When P and Q lie on opposite branches of a hyperbola the point R 
falls within the circle. In this case draw Rt the semichord at right angles 
to OR in the circle, and apply Euclid in. 35. 
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parallel to the chords^ since a tangent is defined as a chord 
whose extremities are coincident. 



Corollary 3. 

If a circle and a conic iriter.sect in four points, their 
common chords are equally inclined, in opposite pairs, to the 
axis of the conic. For if FOQ and pOq be one of the three 
pairs of common chords of a circle and a conic, the rectangles 
PO . OQ and pO . Oq are as the focal chords parallel to FQ 
and pq (Cor. 2) ; and the same rectangles are equal to one 
another by a property of the circle. Therefore the focal 
chords parallel to PQ and pq are equal, and are therefore 
equally inclined to the axis. [Art. 14, Qor. 1. 



CHAPTER III. 



THE PARABOLA. 



17. The annexed further definitions will be required in 
the present chapter. 

The principal Abscissa or Absciss of any point with 
respect to a pafabola is the finite segment cut off from the 
axis by the principal ordinate of the point. The abscissa 
or absciss of a point to any diameter is the finite segment 
cut off from it by the ordinate of the point to that dia- 
meter. [Def. 8. 

The Parameter of any diameter of a parabola is the 
focal chord which it bisects : thus the latus rectum is the 
parameter of the axis. 

The Subtangent at any point of a conic is the intercept 
upon the axis between the tangent and the ordinate of the 
point; and the Subnormal is the intercept between the 
normal and the ordinate. The subtangent to any diameter 
is the intercept thereupon between the tangent and the 
ordinate of its point of contact to that diameter. 

18. The eccentricity of the parabola being a ratio of 
equality, the semi-latus rectum is equal to SX, and there- 
fore to 2/SJ.. It is to be noted also that in the case of the 
parabola SO becomes equal to SP (Art. 11), and the eccen- 
tric circles of aDrpoints (Def. 11) touch the directrix. 

The property of diameters in Art. 13 has been proved 
for all conies without distinction ; but we shall also shew 
that it can be proved with peculiar ease for the special case 
of the parabola. 
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Chord-Properties * 



PROPOSITION I. 

19. The principal ordinate of any point on a parabola 
is a mean proportional to its abscissa and the latus rectum. 

If PUT and Alf be the principal ordinate and abscissa 
of any point P on the parabola, we have to shew that 

PI^' ^ 4!A8 . AN. 

By Euclid l. 47 and from the definition of the parabola, 

PN' + SN'^SP'^NX^ 

Hence (taking for example the case in which AN is 
greater than AS), 

PN' + {AN^ ASy = {AN+ AS)' 

^{AN--A8)'^4!AS.AN. 

[Lemma A. 




Therefore PN' is equal to 4* A 8. AN; or in other words, 
PN is a mean proportional to the absciss^ AN and the 
latus rectum (Art. 18). 

* By chord-properties (as distinguished from tangmt-properties) we 
understand such properties as do not presuppose the definition of a tangent 
(Def. 9). It is desirable to avoid using tangent-propertifj to prove chord- 
properties, the reverse order being the only natural one, sopong as we regard 
a timgent as the limit of a, chord. 
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Conversely, if PN and AN be thus related, the locus 
of P will be a parabola of latus rectum equal to 4iA8. 



PROPOSITION II. 

20. The locus of the middle points of any number of 
parallel chords of a parabola is a straight line parallel to the 
a^s ; and the bisecting line meets the directrix on the straight 
line through the focus at right angles to the common direction 
of the chords. 

Let QQ' be any one of a system of parallel chords, and 
let QM and QM' be perpendiculars to the directrix. 

Let the focal perpendicular upon the chords meet QQ" 
in Y and the directrix in ; and let the parallel to the axis 
through (which is a fxed straight line) meet Q Q' in V. 
Then will V be the middle point of QQ\ 




For by Euclid I. 47 and from the definition of the para- 
bola (taking the case in which Flies in OS produced), 

OM' = OQ* - QM' = OQ' -8Q' 

= OF^-fifP; 

and OM'^ may be shewn to have the same value. 

And since OM and OM' are thus equal, the line OV 
parallel to the axis bisects QQ'; that is to say, it bisects 
erejyr chord which is at right angles to OS. 
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It is hence evident that every straight line parallel to 
the axis of a parabola is a diameter (De£ 7) of the curve, 
and that all diameters of a parabola are parallel to the axis 
and to one another. 



PROPOSITION ni. 

21. The parameter of any diameter of a parabola is 
equal to four times the focal distance of its extremity. 

Let a diameter meet its parameter QSQ' (Def. Art. 17) 
in V, the curve in P, and the directrix in 0, so that vSO is 
a right angle. [Prop. II. 

Let fall perpendiculars QM and QM' upon the directrix. 
Then 

= 2vO. [Lemina C. 




And because v80 is a right angle, and 8P = PO, there- 
fore v is a diameter of the circle round Opv, and P is its 
* centre. 

Hence QQf = 2vO = 4!8P, 

or the focal chord QQ' is equal to four timee the focal dis- 
tance of the extremity of the diameter of ^hich it is the 
parameter. In particular, as we have already seen, the 
latus rectum or principal parameter is ec^vvaL^A^AS. 



T. a 



\ 



\ 
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PROPOSITION IV. 

22. The ordinate of any point on a parabola to any 
dia/meter is a mean proportional to the parameter of the 
diameter and the abscissa of the point. 

Let Q be any point on a parabola, QV and PV its ordi- 
nate and abscissa to any diameter : we have to shew that 

QV' = 48P.PV, 

the parameter of the diameter through P being equal to 
4flfP. [Prop. m. 

Let the diameter meet its parameter in v and the di- 
rectrix in O'y and let 08, which is at right angles to Sv 
and QV (Prop, ii.), meet QV in. Y. 




Then it may be shewn that, if QD and QM be perpen-. 
diculars to the diameter and the directrix, 



QD" = OJiP = 07^ -- 87^. 

Moreover by parallels, 

OY : 0V=8Y: vV; 



[Art. 20. 



[Euc. VI. 2. 



THE PARABOLA. 35 

and therefore (supposing for example that OF is greater than 
SY) 

or«-5r* : oir-vr'=07^ : oir 

by similar triangles OYV and QDV. And since the ante- 
cedents in this proportion are equal, the consequents are 
equal, so that 

And since P is the centre of the circle round OSv (Art. 21), 
therefore OF is equal to PV-\-8P, and vV to PV-SP; 
and therefore from above, 

Qr' = {PV+8Py-{PV-8P)\ 

= 4i8P . PV; [Lemma A. 

that is to say, the ordinate QFis a mean proportional to the 
abscissa PV and the parameter 4/SP. 

PROPOSITION V. 

23. The rectangles contained by the segments of any two 
intersecting chords are as the parameters of the diameters 
which bisect them. 

Take any two chords QQ' and jRjR' intersecting in a point 
0, within or without the parabola, and let the diameter 
through meet the parabola in q. 




3—2 
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Bisect QQ' in F, let the diameter through V meet the 
curve in P, ^nd draw the ordinate qv to that diameter. Then, 
taking the case in which lies within the parabola, 

QO. OQ' = QV^- Or\ [Euc. II. 5, Cor. 

= 4/SfP . PV- 4/SfP . Pv; [Prop. iv. 
and therefore, since PV— Pv is equal to vF or qO, 

QO.OQ'^^SP.qO. 

Similarly RO . OE =^A8P' . qO, 

if P' be the extremity of the diameter which bisects jRjR'; 
and the same may be proved for the case in which Ues 
without the parabola. 

Therefore the rectangles QO . OQ' and RO . OR are as 
4/SiP to 4/SiP', or as the parameters of the diameters which 
bisect QQ' and RR' (Prop, in.) ; in accordance with what was 
proved for all conies without distinction in Art. 16. 



Tangent-Properties. 



PROPOSITION VI. 



24. The tangent to a parabola at any point is the bisector 
of the angle which the focal distance of the point makes with 
the diameter produced. 

Let the tangent at P meet the directrix in R, and let the 
diameter be produced through P without the curve to meet 
the directrix in M. 
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Then P8R is a right angle (Art. 7), and 8P = PM, and 
PR is common to the right-angled triangles P8B and MPR. 

Therefore their angles at P are equal, or the tangent PR 
is the bisector of the angle SPM. 

It is further evident that RP produced makes equal 
angles with 8P and PM; and that if the tangent meet the 
axis in T, the angles 8PT and 8TP are equal, or the tangent 
together with 8P and the axis determine an isosceles tri- 
angle. 

Corollary 1. 

If PN be the principal ordinate of P, it follows that 
8T=8P=NX^AN'+ A8; 
and therefore AN = 8T- A8 = AT, 

or the svbtangent is double of the abscissa, [Def. Art. 17. 

Corollary 2. 

If PQ be any focal chord and MN its projection upon the 
directrix, and if 8R be drawn at right angles to PQ to meet 
the directrix; it is evident from above that the bisector of the 




angle 8RM is the tangent at P, and that the bfsector of 8RN 
is the tangent at Q, Hence 

^PRQ = ^8RM-\-^8R]!f= a right akgle, 

or the tangents at the extremities of any focaljchord meet at 
right angles upon the directrix, and conversely! 
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PROPOSITION VII. 

25. The normal at any point makes equal angles with the 
focal distance and the axis, and it bisects the interior angle be- 
tween the focal distance and the diameter to the point 

' If the normal at P meets the axis in (?, then 8G = SP 
(Art. 18), and therefore PQ makes equal angles with SP and 
80. 

If the diameter at P be drawn, and any point D be taken 
upon it within the curve, then by parallels and from above, 

^DP0 = PG8=0P8, 

or PQ bisects the angle 8PD. 




Corollary, 

If AN be the principal abscissa of P, then since 

8G=8P = NX, 
therefore 

N'G = 8G-8N' = NX-8N'=8X, 

or the stfhnormal is equal to semi-latv^ rectum. [Def. Art. 17. 



PROPOSITION VIII. 

26. The foot of the focal perpendicular to any tangent 
lies on the tangent at the vertex; and the square of the focal 
perpendicular to any tangent varies as the focal distance of its 
point of contact 

Let the tangent at P meet the axis in T, and let PN be 
the ordinate of P. 
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(i) Draw the tangent at the vertex A, and let it meet 
PT in F; then will SF be perpendicular to PT. 

For since A is the middle point of N'T (Art. 24, Cor. 1), 
therefore by parallels PJT and A Y (Art. 3), F is the middle 

Joint of PT; and therefore the triangles SPY and STY, 
aving their sides 8P and PF equal to /ST and TF respec- 
tively, and the side 8Y common, have their angles at F 
equal. 

Therefore 8Y is at right angles to PT, and conversely 
the foot of the focal perpendicular 8Y upon the tangent at 
P lies on the tangent at A. 

(ii) Moreover, since the tangents YA and YP to the 
parabola subtend equal angles at 8 (Art. 9), the right-angled 
triangles 8A Y arid SYP are similar, so that 

SA : SY=8Y: 8P, 

or 8Y^ = 8A . SP, 

and SY^ varies as SP, as was to be proved. 



PROPOSITION IX. 

27. The exterior angle between cmy two tangents to a 
parabola is equal to the angle which either of ikem subtends at 
the focus. 

Let the tangents at P and Q intersect in T, and let them 
meet the axis in p and q. Take any point in p8 produced, 
and produce T8 to any point t 

Then by Euclid I. 32, and because SPp Is an isosceles 
triangle (Prop, vi.), 

iPS0 = 8Pp + SpP = 28pP;\ 

I 

and similarly z Q80 =28qQ, 

Hence by addition (taking the case in whi^h P and Q lie 
on opposite sides of the axis), j 

z PSQ = 2 (SpP + SqQ) = 2 {SpP -{-p^T), 

= 2 PTQ. * 
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Therefore ^ PTQ = \P8Q = P8t = Q8t ; [Art. 9. 

and therefore the exterior angle pTq between the tangents 
is equal to P8T or Q8T, as was to be proved. 




PROPOSITION X. 

28. The i/u)o tcmgents from any point to a parabola are 
the bases of a pair of similar triangles having a (xmrnion 
vertex at the focus. 

With the construction of Art. 27 it has been shewn that 

^PTQ = P8t. 

The former angle is equal to 8TP + 8TQ, and the latter 
is equal to 8TP + 8PT (Euc. i. 32). Therefore, taking away 
8TP from each, 

^8TQ = 8PT. 

And since the angles at ;S^ in the triangles 8TP and STQ 
are also equal (Art. 9), the third angle SfP is equal to the 
third angle 8QT, and the two triangles are similar, as was to 
be proved. 

Hence 8P : 8T= 8T : 8Q, 

or the focal distance of the point of concourse of amy two 
tangents to a parabola is a mean proportional to the focal 
distanced of iMir points of contact. 
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Corollary, 

Since the angle 8TQ is equal to SPT^ and therefore to 
8pP (Prop. VI.), the angle which either tangent makes with 
the axis (or with the diameter through T) is equal to the 
angle which the other makes with the focal distance of T, 



PROPOSITION XI. 

29. The drcumscribed circle of the tricmgle formed by 
any three tangents to a parabola passes through the focus. 

Let PQB be any triangle whose three sides touch a 
parabola, and let any one of its sides, as PR, meet the axia 
mT. 




Then bjr the last corollary, considering the two tangents 
which meet in jR, | 

zSRQ^STP; I 

and next considering the two tangents which m4et in P, 

z8PQ=^8TR I 

Therefore the angles 8PQ and 8RQ are ecual, and the 
points PQR8 lie on a circle ; or in other wor< s, the circle 
round PQR passes through the focus. 
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CoroUary, 

Four tangents to a parabola being given, the circum- 
scribed circles of the four triangles which they determine 
meet in one point, viz. the focus of the parabola. 

PROPOSITION XII. 

30. At any point of a parabola the svbtangent to am,y 
diameter is double of the abscissa. 

Let Q be any point on a parabola, QFand PF its ordi- 
nate and abscissa to any diameter, and let the tangent at Q 
meet that diameter in T: we have to shew that TV is 
double of PF. [Def. Art. 17. 

Let the tangents at P and Q meet in R, and let PO be 
drawn parallel to It Q to meet QF in ; then the tangent at 
P, being a vanishing ordinate to the diameter PV (Art. 13, 
Cor. 1), is parallel to QF; and therefore PRQO is a paral- 
lelogram, and its diagonal BO bisects the diagonal PQ, 




But the Kne drawn from B to bisect the chord of contact 
of the tw;o tangents from J! is a diameter of the parabola 
(Art. 13, Coif. 2) : therefore BOiaa, diameter, and isparallel 
to the diameter PV. [Prop. ii. 

Hence by parallels, 

PV--BO = PT, 

orPhisectp TV, and the subtangent TV is double of PV. 
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31. The central conies are the ellipse and the hyperbola*. 
It has been shewn (Art. 14) that these are also bifocal, and 
symmetrical with respect to both axes. 

The AbsdsscB or A bscisses of a point to any diameter of a 
central conic are the segments of the diameter made by the 
ordinate of the point. The Central Abscissa, which is also 
called absolutely the Abscissa, is the distance from the centre 
to the foot of the ordinate. 

The principal axis of a central conic is distinguished as 
the Transverse Axis, The transverse and conjugate (Def. 4) 
axes of the ellipse are also called its Major and Minor axes. 
The term axis is sometimes used to denote the finite portion 
of either of these lines intercepted by the curve; but a 
special convention has to be made in case of the conjugate 
axis of the hyperbola, which does not meet the curve in real 
points. [Art. 33, Cor. 1. 

The major and minor auxiliary circles are the circles 
described upon the transverse and conjugate axes as diame- 
ters; but when one Auodliary Circle only is spoken of the 
circle on the transverse axis is signified. It is easily seen 
from the next article that this is identical with the eccentric 
circle of the centre of the conic, the ratio of its radius GA 
to GX being equal to the eccentricity. 

* We shall sometimes give proofs applicable to both onrves, but with 
figures for the ellipse only. In all such cases the student should draw the 
figures for tiie hyperbola also. 
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Supplemental Chords are chords drawn from any point on 
the curve to opposite extremities of any diameter. 

The Conjugate Parallelogram is the figure formed by 
drawing parallels to each of two conjugate diameters through 
both extremitias of the other. 

The locus of the point of concourse of a pair of tangents 
at right angles will be shewn to be a circle (Art. 40), which 
we shall term the Orthocycle*, 

32. The segments of the tra/nsverse aayis. 

In any central conic the vertices A and A' divide 8X so 
that 

8A : AX=SA' : A'X; 

therefore ' 8A : AX=::8A^8A' : AX-^A'X 

= 8A + 8A' : AX + A'X, 

or by Lemma B, if C be the centre of the conic, 

8A : AX = 2CS : 2CA^2CA : 2CX. 



^ 



A C HA W 



Thus each of the ratios C8 : CA and CA : CX is equal 
to the eccentricity, and 

C8.CX=GA\ 



The Ordinate. 

PROPOSITION I. 

33. The square of the principal ordinate of any point on 
a central conic is in a constant ratio to the rectangle contained 
by its abscisses. 

Let A and A' be the vertices, PJT the ordinate of any 
point P on the conic, Z and Z' the points in which AP and 
A'P or their prolongations meet the directrix. 

* It has also been named the Director Circle, sinoe in the parabola it 
degeneratea into the directrix and the line at infinity. 
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If PM be a perpendicular to the directrix, and therefore 
parallel to the axis, 

8P : SA'^PM : AX [Def. 1. 

= PZ':AZ') 

therefore SZ' bisects the angle P8X, and in like manner 
(if p be taken in PS produced) /SZ" bisects the supplementary 
angle pSX. 




Hence the angle Z8Z' is a right angle, and 

ZX. ZX = SX" = a constant. 
Moreover, since PN is parallel to the directrix, 

PN : AN=ZXi AX, 
and PN : A'N^ZX : A'X. 

Hence PN' : AN .A'N=ZX .Z'X : AX.A'X 

= 8X^ : AX.A'X, 
or PN^ is in a constant ratio to J.iV . A'N. 



Corollary 1. 

Let the length CB be determined by the proportion, 
(7^* : GA'=8X' : AX. AX. 
Then in the ellipse 

PN' : AN.A'N=PN' : CA'-GN'^ CB* \ 0^\ 
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where GB is equal to the semi-axis conjugate, with which 
PN coincides when N is taken at C. In the hyperbola 

PiV» : AN.AN^PN^ : GN^- GA' = Gff : GA\ 

where we may agree to call GB the length of the semi-axis 
conjugate^ although (Art. 2) this axis does not meet the curve 
in real points. The results of this corollary may also be 
written, 

CB'±PIP : GIP==Gff : GA\ 

the positive sign being taken in the hyperbola and the nega- 
tive in the ellipse. 

If Pn be an ordinate to the conjugate axis, it is easily 
deduced that in the ellipse. 




Pn^ : Cff-Cn' = CA' : CB", 
or a^'-Pw' : Cn'=CA' : GB"; 

and in the hyperbola, 

Pn' : Cff + Cn'^CA' : GB". [Fig. Art. 49. 



PROPOSITION II. 

34. The semi-axis conjugate is a mean proportional to the 
segments of the transverse axis mude by either focus; and the 
latus rectum is a third proportional to the transverse and 
conjugate aaes, 

Smce G8 : GA = 8A : AX= 8A' : A'X, [Art. 32. 
therefore VS+CA : GA =^SA-\-AX : AX =SX : AX 
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and QS-- GA : CA^8A-A'X : A'X=8X : A'X. 

Hence CS'-'CA' : GA'=:8X^ : AX . AX 

= Off : CA\ [Art. 33. 

or CS"- 0A^ = AS . A' 8= Off. 

If L8L' be the semi-latus rectum, so that AS and A^S are 
the abscissae of L, 

Sr : AS. A' 8^ Off : GA\ [Prop. i. 

and therefore 8U : CB' = Off : GA\ 

Therefore SL . CA = Gff, and LL is a third proportional 
to the transverse and conjugate axes. 

PROPOSITION ni. 

35. If the principal ordinates of all points on ellipse be 
prodviced outwards in the ratio of the major to the minor axis, 
the points to which they are produced lie on the drau/mference 
of the auxiliary circle, and conversely. 

Let P be any point on an ellipse, and let its principal 
ordinate PN be produced outwards to p in the ratio of CA 
to CB, so that 

Pi\r« : pj^= Off : GA' = P]!P : AN. A'N. [Prop. i. 




• Th&a.plP being equal to AN .A'Ny the locus of p is the 
circle on AA' as diameter, as was to be proved* 
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Conversely, if the ordinates pN, qM,,. in the circle be cnt 
in the ratio of minority CB : GA, the points of section 
P, Q... will all lie on an ellipse whose semi-axes are equal 
to CA and CB. 

In virtue of this relation we are able to deduce a whole 
olass of properties of the ellipse from properties of the circle* 
by the method of Orthogonal Projection, which will be ex- 
plained in Chapter viii. 



PROPOSITION IV. 

36. At any point on a central conic the sqmire of the 
ordinate to any diameter is in a constant ratio to the product 
of the corresponding abscissce. 

Let QVR be any double ordinate of a given diameter 
FP', and PFand P'Fthe corresponding abscissae. We have 
to shew that QV (or EV^) varies as PV. VF. 




This follows at once from Art. 16, Cor. 1, where it is 
shewn that QV , VB (which is in this case equal to QV^) is 
in a constant ratio to PV , VP, so long as the directions of 
QB and PP continue unchanged. 

Put CD' : GP^ equal to this constant ratio, so that 
QV : PV.VF^GD^ : GF. 

* The corresponding chords PQ and pq always meet on the axis. Henoe 
ihe tangents at P and 'p meet on the axis, viz. in a point T snoh that 
<7JSr. CT=^ Cp»= CA^ (Fig. Art. 45). Cf . Ait. 68. 
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In the ellipse it is evident that CD is equal to the semi- 
diameter to which QF is parallel, and that 

PF. FP'=0P»-(7F*, 
in all cases. 

In the hyperbola also we may agree to call CD the length 
of the semi-diameter conjugate to GP, although it will be 
seen (in the section on conjugate diameters) that one and one 
only of every two conjugate diameters meets the curve in 
real points. Supposing GP to meet the hyperbola, then 

QV : CV'-CP'= GD^ : 0P», 

or QV^ + GD" : CV = GIT : GP\ 

Hence also Qo^ : W + GD' = CP' : Gl^, 

if Qv (equal to CV) be an ordinate to the diameter GD, 
which does not meet the curve. 

Corollary. 

Hence, and by Art. 16, Cor. 2, if FF' be the focal chord 
parallel to GD, and LL' be the latus rectum, 

FF' : LL' = CD' : CE'=CD' : \LL . CA. [Art. 34. 

Therefore FF' .CA^2 CD\ 

or any focal chord is a third proportional to the transverse 
axis and the diameter parallel to the chord. 

The Focal Distances. 

PROPOSITION V. 

« 

37. The sum or difference of the focal distances of any 
point on a central conic is constant and equal to the transverse 
axis. 

Let H be the second focus (Art. 14) and W the foot of 
the corresponding directrix. Through any point P on the 
curve draw a parallel to the axis to meet the directrices in 
M and N. Then 

8P : PM=HP ; PJS^. 
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Therefore 



SP^HP : PM:t PN= 8P : PM, 




X A 



HAW 




where PM + PN is equal to WX in the ellipse, and PM-^ PN 
is equal to WX in the hyperbola. 

Therefore 8P±HP is constant, the upper sign being 
taken for the ellipse, and the lower sign for the hyperbola. 

By making P coincide with -4, it is easily seen that in 
either case the constant length is equal to the transverse 
axis, so that 

8Pi^HP=:AA\ 

Corollary. 

In the ellipse, if B be an extremity of the minor axis, 

SB = HB = CA. 



The Tangent. 

PROPOSITION VT. 

38. The tangent at any point of a central c<mic makes 
equal angles with the focal distances of the point 

Let the tangent at P meet the directrices in R and B, 
and let the parallel to the axis through P meet the di- 
rectrices in M and M\ Then, if 8 and 8' be the corre- 
sponding foci, 

SF : 8'P^PM : PM'^PR : PR\ 
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or the sides about the angles at P in the triangles P8R and 
PS'R' are proportionals. 




Moreover the angles at 8 and flf in those triangles (being 
right angles) are equal. 

Therefore the triangles are similar and their angles at P 
are equal (Euc. vi. 7) ; that is to say, the tangent at P makes 
equal angles with the focal distances 8P and 8'P, and con- 
versely. 

In the ellipse the tangent at P falls without the angle 
8PS', and bisects the angle which 8'P makes with 5P pro- 
duced (Fig. Art. 39). In the hyperbola the tangent bisects 
the angle 8P8' internally. 



PROPOSITION VII. 

39. The projections of the two foci upon any tangent to a 
central conic lie on the auodliary circle. 

Let 8 and 8' be the foci: F and F' the feet of the per- 
pendiculars let fall from them upon the tangent at any point 
P. Then will F and F' lie on the auxiliary circle. 

In the case of the ellipse, let SP pTodixxG^dL \si^^\» Sl[' ^si. 
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s; then the tangent PY' bisects the angle S'Ps (Prop. VI.), 
and Ys is equal to Y8\ 




And since Y' has been shewn to be the middle point of 
8's, and the centre C of the conic bisects 88', therefore CY' is 
parallel to Ss and equal to ^88. That is to say, 

Cr^^(8P + P8) = i{8P+P8') 

= GA, [Prop. V. 

or Y' lies on the auxiliary circle. And in like manner it may 
be shewn that Y lies on the auxiliary circle. 

In the hyperbola it may be shewn in like manner that 
GY=Gr = i{8P'-8'P)=^CA, 
and thus that y and Y' lie on the auxiliary circle. 



Corollary 1. 

Conversely, if Y be any point on the auxiliary circle the 
straight line drawn from Y at right angles to 8Y will be a 
tangent to the conic. It is hence evident that the extremities 
of any focal chord Y8Z of the auxiliary circle are the projec- 
tions of the focus 8 upon a pair of parallel tangents to the 
cojjja 
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Corollary 2. 

If the diameter parallel to the tangent at P meet 8P in 
hy then 

Pk^GY'^CA. 

PROPOSITION VIII. 

40. Ths rectangle contained by the perpendiculars from 
either focus of a central conic upon any two parallel tangents, 
or by the perpendiculars from the two foci upon any tangent, 
is constant and equal to the square of the semi-a^ads conjugate. 

Draw perpendiculars 8Y and 8Z to any two parallel 
tangents. Then since Y and Z lie on the auxiliary circle 
(Prop. VII.) and Y8Z is a straight line, 

8Y. 8Z^ 8A . 8A' = CI?, [Prop. ii. 

as was to be proved. 

Again, with the construction of Art. 39, since Y'YZ is 
a right angle Y'Z is a diameter of the circle. Hence the 
triangles C8Z and C8' Y\ having their angles at C equal and' 
their sides C8, CZ equal to (7/8", CY' each to each, aie equal 
in all respects. 

Therefore SY.S!T = 8Y. 8Z = Cff, 

as was to be proved. 

Corollary 1. 

If tangents be drawn to an ellipse from any point T, and 
if F, Y and Z, Z' be the projections of the foci upon them, 
then since SY .8'Y' = 8Z,S'Z\ it is easily seen that the 
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angle STY must be equal to ffTZ; for according as the 
angle STY is equal to or greater or less than S'TZ, the angle 
STY is equal to or greater or less than STZ\ and the ratio 
o{ SY.S'T to ST. ST is equal to or greater or less than 
the ratio of SZ . S'Z to ST. ST. 

Corolla/ry 2. 

In the preceding figure let the tangents be supposed to 
be at right angles. Draw the auxiliary circle, viz. through 
the points YYZZ, and draw TO touching it in 0. Then 

Ta = TY. TT = 8Z. 8'Z' = Off, 

and Cr = C(f+ TO'^CA'+Cff. 

That is to say, the lo(yu8 of the point of concourse of a pair of 
tangents at right a/ngles is a circle, viz. the Orthocycle*. In 
the hyperbola it will be found that the radius of the ortho- 
cycle is equal to tj {GA^— GB^. Consequently no real tan- 
gents at right angles can be drawn to a hyperbola in which 
CA is less than GB. 



PROPOSITION IX. 

41. A variable tangent to a central conic meets a/ny fixed 
diameter at a distance from the centre which varies inversely 
as the dbsdssa of its point of contact to that dia/meter. 

First Gase, 

Let PGP' be a given diameter which meets the curve in 
real points P and P\ Let the tangent at any point Q meet 




See also note, page 44. 
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that diameter in T, and let QV he the ordinate of Q. Then 
we shall shew that 

or. CT= CP". 

Let the tangent at P, which is parallel to QV, meet QT 
in B, and let PO be drawn parallel to RQ to meet QF in 0, 
Then OPRQ is a parallelogram, and its diagonal BO bisects 

PQ. 

But RO, since it bisects the chord of contact of the tan- 
gents from i2, is a diameter and passes through the centre G 
of the conic. [Art. 13, Cor. 2. 

Therefore by parallels, 

\ CV : CP = CO : GR= CP : CT, 
or CV . GT ia equal to CP, as was to be proved. 



Second Gase, 

Let GP and GD be given conjugate semi-diameters of a 
hyperbola, whereof the former meets and the latter does not 
meet the curve. [Art. 36. 

Draw QVsknd QTsism the first case, and produce QT to 
meet GD in t Then by parallels, 

Gt : GT = QV : VT, 
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QV.Ct: Cr. CT= QV : CV. VT 

= QV* : CV^-CV.CT. 

Hence by the first case and by Art. 36, 

QV.Ct : GP'^QV^ : CV^CP' 

= Ciy : CP\ 
or Cv.Ct=^QV.Ct = Giy, 

if Cv be the abscissa of Q to the diameter GD. 



Gorollary, 

If the tangent at any point P meet the transverse and 
conjugate axes in T and t, and if PN and Pn be ordinates to 
those axes, then 

GN.GT=GA\ and Gn, Gt = Gff. 



The Normal. 



PROPOSITION X. 

42. The normal at any point bisects the angle between the 
focal distances of the point, interaally in the case of the ellipse 
a/nd eidemally in the case of the hyperbola. 

Let 8 and H be the foci, PO the normal at any point P, 
and TPt the tangent at that point. 
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Then in the ellipse, PO being at right angles to the tan- 
gent, 

z SPG + 8Pt = HPG + HPT. 

And it has been shewn that the angles 8Pt, HPT are 
equal and that the tangent falls without the angle SPH 
(Art. 38). 

Therefore ^ SPO = HPO, 

or the normal bisects SPH internally. 

In the hyperbola it may be shewn in like manner that 
the normal at P bisects the angle SPH externally. 

Corollary. 

If the circle round SPH meet the conjugate axis in g and 
ty it is evident that the arcs Sg, Hg and the arcs St^ Ht are 
equal. Hence Pg and Pt are the two bisectors of the angle 
SPH, and the circle round SPH passes through the points in 
which the tangent and normal at P meet the conjugate aads. 

PROPOSITION XI. 

43. At any point of a central conic the normal, termi- 
nated by either (ms, varies inversely as the central perpendicu- 
lar upon the. tangent. - 

Let the tangent at any point P meet the transverse and 




58 THE CENTRAL CONICS. 

conjugate axes in T and t, and let the normal meet them in 
Q and g. 

Let FN and Pn be ordinates to those axes, and let FN 
and Fn or their prolongations meet the diameter parallel to 
the tangent at P in ilf and m, and let the normal meet that 
diameter in F, 

Then, the angles at N and F being right angles, a circle 
goes round FQNM^ and therefore 

FO.FF^FN.FM = Cn.Ct 

= Cff. [Art. 41, Cor. 

In like manner, the angles at n and F being right angles, 

Fg.FF^Fn.Fm^GN.GT 

Therefore FO and Fg vary inversely as FF, or as the 
central perpendicular upon the tangent at P. 

Corollary. 
Hence 

NG : CN=NQ : Fn^FG : Fg^GB" : 0A\ 

or the mhnormal varies as the abscissa, [Def. Art. 17. 



Conjugate Diameters. 



PROPOSITION XII. 

44. Supplemental chords are parallel to conjugate di- 
ameters, amd conversely. 

Let FCF' be any diameter and any point on the curve. 
Then will the supplemental chords OF and OF' (Def. Art 
31) be parallel to a pair of conjugate diameters. 

For if Q be the middle point of OF, and R the middle 
poiDt of 0P\ the line C(^ which bisects two sides of the 
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triangle OPP' is parallel to the third side P'O, and in like 
manner CR is parallel to PO. 




Therefore the diameters CQ and GR are conjugate, since 
each bisects one chord (and therefore all chords) parallel to 
the other. [Art. 13. 

Conversely, from any given point on the curve or from 
the extremities of any given diameter PP" there can be 
drawn a pair of supplemental chords OP and OP" parallel to 
any assumed pair of conjugate diameters. 

In the hyperbola it is evident that of every two supple- 
mental chords one lies within and the other without the 
tjurve, and hence that (yae and one only of every two conjugate 
diameters meets the hyperbola. We shall in consequence have 
occasion to give separate proofs of some of the properties of 
conjugate diameters for the special case of the hyperbola. 



Gorollary. 

This proposition determines the relation between the di- 
rections of any two conjugate diameters. For in Art. 33, 
where 'AP and A'P may be parallel to any two such 
diameters, 

PN^ :AN.A'N=Cff : GA^\ 

and therefore if the ratio of PN to AN (or the direction of 
one of the diameters) be given, the ratio of PN tci A' N ^"^ 
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the direction of the conjugate diameter) is known. Con- 
versely any two diameters whose directions are thus related 
will be conjugate provided that they lie in adjacent quad- 
rants in the case of the ellipse (Fig. Art. 45), or in the same 
Juadrant or opposite quadrants in the case of the hyperbola, 
f GP and CD be conjugate radii, ON and OR their pro- 
jections upon the axis, it is easily deduced that 

PN.DR : ON. CRAGS' : GA\ 



PROPOSITION XI I r. 

45. The sum of the squares of any two conjugate diameters 
is constant in the ellipse, and the difference of their squares is 
constant in the hyperbola. 

(i) If CP and GD be conjugate semi-diameters of an 
ellipse, PN and DR the principal ordinates of their ex- 
tremities, then by the property of ordinates (Art. 33), 

PN' : GA'^ GN' = DR' : GA'^CR'= GB" : GA^; 

and by a property of conjugate radii, 

PN.DR : GN.GR^Cff : GA\ [Art. 44, Cor, 




In virtue of the former relation, according as (7-4* is equal 
to or greater or less than GN* 4- (7JB^ the ratios PN : CR 
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and DR : CN are simultaneously equal to or greater or less 
than (75 : CA, and the ratio PN.DR : ON. OR is accord- 
ingly equal to or greater or less than CB" : (M*. 

Hence, if GP and CD are conjugate, 

PN : CR=DR : CN= CB : GA, 
and CN' + GR' = GA^ ; 

and therefore P]P + DR' = C£». 

By addition, CP' -\- CD' = CA' -\- CB', 

or the svmi of the squares of any two conjugate diameters is 
equal to the sum of the squares of the aoses of the ellipse*. 

(ii) In the hyperbola, as will be proved in Art. 52-f*, 

GP'-'CD' = CA''^CB'; 
and, this result being assumed, it may be deduced that 

PN : GR = DR : CN= GB : CA, 
as in the elHpse. 

Corollary 1. 

If P be any point on an ellipse, {SP + S'P)' = 4iGA', and 
SP' -\-ST' ^2CS'-\-2GP' (Lemma D). Therefore, subtract- 
ing and dividing by two, 

8P,8T = 2CA'^C8'-CP'^CA'+GB'^ GP' 

=^CD', 

as may also be proved in like manner for the hyperbola. 

Corollary 2. 

If the normal at P meet the transverse axis in (?, then 
by similar triangles ( CD being at right angles to the normal) 

PG : CD = PN : CR= CB : CA. 

< 

* Another proof will be given in Art. 66. 

t The reason for treating the ellipse and the hyperbola differently in this 
proposition is given in Art. 44 and in the Scholium, p. 70. 
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And in like manner it may be shewn that 

Pg : GD^GA : GB, 

where Pg is the normal terminated by the conjugate axis. 

PROPOSITION xrv. 

46. The conjugate parallelogram is of constant area and 
equal to the rectangle contained by the aooes. 

Let PCP^ and DGU be a pair of conjugate diameters, 
and let a conjugate parallelogram be constructed by drawing 
parallels to each of them through the extremities of the 
other. [Def. Art. 31. 




Let the normal at P meet DU in F and the transverse 
axis in (?. Then sincew 

PO : GD^GB : GA, [Art. 45, Cor. 2. 

therefore 

PF.PO : PF.GD^GB" : GA.GB. 

Hence, the antecedents being equal by Prop, xi., 

PF.GD^GA.GB', 

and the conjugate parallelogram is equal to iiPF, GD or 
AA' . BB'*. * 

^ A second proof tor the hyperbola alone -will be found in Art. 62 (ii). 
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In the eUipse the parallelogram described as above com- 
pletely envelopes the curve : in the hyperbola two of its sides 
only touch the curve (Fig. Art. 50). 



PROPOSITION XV. 

47. The intercepts on any tangent between the curve and 
cvny two conjugate diameters contain a rectangle equal to the 
squa/re of the semi-diameter parallel to the tangent. 

Draw the tangent at any point P, the diameter PCP' and 
the conjugate semi-diameter CD. 

Let any second pair of conjugate diameters meet the 
tangent at P in Tand T', and draw the supplemental chords 
QP and P' Q paraUel to CT and CT. [Art. 44. 




Then by similar triangles, if Q 7 be an ordinate to PP\ 

PT : CP^QV :PV, 

and Pr : CP = QV iTV. 

Hence PT.PT : CP' = QT : PV.P'V 

= GD' : CP^, [Art. 36. 

or PT. PT is equal to CD^ as was to be i^To^^d. 
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Corollary. 

In the hyperbola the points T and t in which any two 
conjugate diameters meet the tangent at Q lie on the same 
side of Q^ as in the second figure of Art. 41, and the two 
diameters may be supposed to coalesce. In this case the 
intercept QT becomes equal to the parallel semi-diameter 
CD, as will be noticed more particularly in the next chapter. 



CHAPTER V. 
THE ASYMPTOTES. 

48. If a straight line and a curve, being produced, con- 
tinually approach one another but never actually meet until 
they are produced to infinity, the straight line is said to be 
an Asymptote of the curve. It will be seen that every hyper- 
bola has two asymptotes. 

If CE and CP be two diameters of a hyperbola lying in 
the same quadrant, and EPN be an ordinate to the trans- 
verse axis, the diameters will be conjugate provided that • 

EN.PN : CN^ = CR : CA^*. 

If CP be made to coalesce with CE, it follows that 

EN : CN= CB : GA, 

a relation which determines the position of the self-conjugate 
diameter CE. The curve has also a second self-conjugate 
diameter CE making the same angle as CE with the axis. 

Since one of every two conjugate diameters meets and 
the other does not meet the hyperbola (Art. 44), a diameter 
which is self-conjugate should meet and yet not meet the 
curve : accordingly it will appear that the self-conjugate 
diameters coincide with the asymptotes, which meet the 
curve at infinity and do not meet it at any assignable dis- 
tance from the centre. 

For the sake of uniformity of enunciation we shall at the 
outset speak of the lines CE and CE as the asymptotes, and 
shall then shew conversely that they possess the property 
from which the term asymptote is derived. [Prop. I. Cor. 

* In Art. 44, Cor., let CD meet the oidixwAa oi P m E.« 
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It is to be noticed that the asymptotes are the diagonals 
of the rectangle formed by drawing parallels to each axis 
through both extremities of the other. On the tangent at A 
take a length AL equal to GB, then will GL be equal to GS 
(Art. 34), and GL : GA to the eccentricity. Also it may be 
easily proved that the feet of the focal perpendiculars upon 
the asymptotes lie on the auxiliary circle, and that each per- 
pendicular is equal to CB. 



PROPOSITION I. 

49. Tlie rectangle contained hy the distances of any point 
on a hyperbola from its two asymptotes is of constant magni- 
tude, 

(i) If the principal ordinate of any point P on the 
hyperbola meet the axis in N and the asymptotes in E and 
E\ then 

FN^ + GE^ : GN^ = GB" : GA^ [Art. 33. 

=EN': CN^; [Art. 48. 
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and therefore FN^ + G& is equal to EN* and 

PE. PE = EN* - FN* = CB*. 
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(li) Next let Pe be drawn in any specified direction to 
meet GE. Then the triangle PEe is given in species and Pe 
varies as PE, and therefore Pe , PE' is constant. 

In like manner, if Pe' be drawn in any specified direction* 
to meet CE' the length Pe' varies as PE\ and therefore 
Pe,Pe' is constant. 

Taking for example the case in which PO the distance of 
P from one asymptote is measured parallel to the other (Fig. 
Art. 52), and GO is therefore equal to the distance of P from 
the latter asymptote measured parallel to the former, we 
have PO . CO constant, and it may be shewn by making P 
coincide with the vertex that 

P0.GO=iGS.iGS==l {GA' + GR). [Art. 48. 

Corollary, 

Since PE , PE' is constant and PE' continually increases 
with CN, therefore PE at the same time continually decreases. 
Hence GE and the curve continually approach one another 
but never actually meet until produced indefinitely"!". 



PROPOSITION II. 

50. The intercepts on any tangent to a hyperbola between 
the curve and its asymptotes are equal to one another and to 
the parallel semi-diameter ; and the opposite intercepts on any 
chord between the curve and its asymptotes are equal to one 
another. 

(i) Let the tangent at P be parallel to the semi-diame- 

* In this construction Pe and Pe' axe not required to be in the same 
straight line. In the special case in which Pee' is a straight line and parallel 
to the axis it may be shewn that Pe. Pe'=CA^. The like may be shewn 
(Art. 51) if CA be any radius, regarded as fixed for the time being. 

f The two branches of a hyperbola constitute one complete and con- 
tinuous curve, which may be regarded as the locus of a point moving as 
foUows. First let the point trace the quadrant AP and recede to infinity 
in the direction CE : then, travelling in the same direction, it reappears at 
the opposite extremity of the asymptote (Lemma H), traces the branch p'A'p^ 
and finally the quadrant P'A. This appears plainly when the hyperbola is 
traced with the help of the eccentric circle, the point p (Art. 6) being sup- 
IK>sed to move continuously round the circle, governing the TaGt\ftTk. <2»l "NK'ek 
point P which traces the conic. 
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ter CD, and let it meet any two conjugate diameters in T 
and T", so that 

PT.PT'^Ciy. [Art. 47. 

Let CT' coalesce with CT, so that CT becomes a self- 
conjugate diameter or asymptote ; then PT^ is equal to Ciy, 




and in like manner, if the same tangent meet the other 
asymptote in t, Pf is also equal to GDI Therefore 

PT=CD = Pt, 

as was to be proved. 

It readily follows that every two parallel tangents as 
TPt and TP'H terminated by the asymptotes are sides of a 
conjugate parallelogram (Def. Art. 31), and conversely that 
every conjugate parallelogram has its diagonals coincident 
with the asymptotes. 

(ii) Next let any chord Qq parallel to the tangent TPi 
be produced to meet the asymptotes in R and r. Then the 
diameter CP bisects J2r, and it also bisects the chord Qq. 

[Art. 13, Cor. 1. 

Therefore the opposite intercepts QR and qr are equal 
and the opposite intercepts Qr and qR are equals as was to 
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be proved. And the same may be shewn in like manner if 
the chord be supposed parallel to the diameter PP' which 
meets the curve in real points. 



PROPOSITION III. 

51. Any chord of the asymptotes is divided at either* of 
the points in which it meets the curve into segments to which 
the parallel radius is a mean proportional. 

In the figure of Prop. ii. let V be the middle point of Qq 
and Rr, Then by Art. 36 and by parallels (supposing for 
example that Q and q lie on the same branch of the curve), 

QV' + GD^ : CV^ CD' : CP' = Pr : CP' 

^RV : CV\ 

Therefore, the antecedents being equal, 

BQ. Qr=Rq.qr = BV'- QV = CB", 

or CD is a mean proportional to BQ, Qr and to Bq, qr*. 



PROPOSITION IV. 

52. The difference of the squares of any two conjugate 
semi-diameters of a hyperbola is equal to the difference of the 
squares of the semi-axes; ound the triangle contained by the 
asymptotes and any tangent is equal to the rectangle contained 
by the semi-axes, 

(i) Let the tangent at P meet the asymptotes in L and 
M, Draw PY perpendicular to GL, and bisect CL in 0. 
Then, P being the middle point of LM (Prop. Ii.), OP is 
parallel to the asymptote CM, and the triangle DTP is given 
in species and OF varies as OP. 

• We may deduce the same from Prop. i. by taking any chord parallel to 
a fixed diameter, and then supposing it to coalesce with the diameter itself 
(if it meet the enrve), or with the parallel tangent. 
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Also, by Euc. i. 47 and Lemma A, 

GP^^pu = ar^- zr* =4(70. OF, 

where OF varies as OP^ and therefore inversely as CO. 

[Prop. I. 

Therefore OP' - OD' or CP^ - PU has a constant ma^- 
tude, which may be shewn by taking P at the vertex to be 
equal to Oil'*- 05». 




(ii) The rectangle GL . GM is equal to 2 00 . 2P0 or 
GB^ (Art. 49). Therefore the triangle LGM is of constant 
area, and it may be shewn by taking P at the vertex to be 
equal to GA . OB. 

The Gonjugate Parallelogram, which is four times the 
triangle GTt (Art. 50), is therefore equal to AA\ BB\ 



Scholium. 

Although, in accordance with an ancient convention, we have 

assigned specific lengths to those diameters of the hyperbola 

which do not meet the curve (Art. 36), such diameters have not- 

wlthstanding no real extremities or magnitudes, and it is therefore 
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impossible to treat the ellipse and the hyperbola altogether simi- 
larly so long as we restrict ourselves to the conception of real 
points. It may seem that in the corollary of Art. 33 the two 
curves have been treated similarly : but this is not the case. In 
the ellipse, regarded as the locus of a point F whose ordinate and 
abscissa are connected by the relation, 

we find (1) by making PN" vanish that the transverse semi-axis is 
equal to CA, and (2) by making CN" vanish that the conjugate 
semi-axis is equal to GB, In the hyperbola, from the relation, 

PUP : CN'-CA' = CB' : CA\ 

we find (1) by making PiV^ vanish that the transverse semi-axis is 
equal to CA, and (2) by making ON' vanish that the square of the 
conjugate semi-axis is equal to the negative quantity — CB^. In 
like manner, from the relation of Art. 36, 

Qr : or -OP' = CD' : CP% 

we find by making CV vanish that the square of the semi- 
diameter conjugate to CP is equal to the negative quantity - CD', 
For - GB' write (7)8^ and for - CJD^ write (78' ; then the hyper- 
bola may be treated as a quasi-ellipse, in which 

PJP : CA' - CN'= 0/3' : CA', 
and QV : CP'-Cr' = C8' : CP\ 

As a property of this " ellipse" we have 

CP^ + Ch' = CA^ + Cp\ 
or CP' + i- CD') = CA' + (- CB'\ 

which agrees with Art. 52, except that strictly speaking we 
should say that the sum of the squares of any two conjugate 
diameters of a hyperbola is constant, the square of one of every 
two such diameters being negative and its length therefore imagin- 
ary. In geometrical proofs every step has its explanation upon 
the figure. But let the student, shutting his eyes to the figure, 
regard any property of the ellipse (for example) as implicitly con- 
tained in the relation between its ordinates and abscissae, and he 
will see that from any such property, in so far as it is expressible in 
terms of CB^ and CD^, he may pass at once to a corresponding i^vo- 
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petty of the hyperbola by writing - CB^ for CB" and - CD* for CZ>'. 
Thus, the radius of the orthocycle in an ellipse (Art. 40, Cor. 2) 
being equal to J{CA' + CB'), its radius in the hyperbola is equal 
to J{CA' - CB'). In the ellipse SY .S'r = CB' (Art. 40); there- 
fore in the hyperbola SY . S'r = -CB\ or /ST. (-aS^Z') = (7^, 
one of the perpendiculars' having to be regarded as positive and 
the other as negative because they are drawn in opposite direc- 
tions, the tangent passing between the foci. The same principles 
will be seen to be applicable to other properties : for example, to 
the theorems of Arts. 46 and 47. 



CHAPTER VI. 
THE EQUILATERAL HYPERBOLA. 

53. The Equilateral Hyperbola is a hyperbola whose 
latus rectum is equal to its transverse axis. Its two axes 
being equal (Art. 34), its asymptotes are at right angles, and 
it is therefore called also the Rectangular Hyperbola, Its 
eccentricity is the ratio of the diagonal to the side of a square, 
the foot X of the ;S-directrix bisects 08, and 

ICS'^CA' = 2GX' = 28X\ [Art. 32. 

Also PN^ = AN. A'N= ON" - GA\ [Art. 33. 

and Q7" = PF. P' 7= (7F« - CP»* [Art. 36. 

since by Prop. il. every diameter is equal to its conjugate. 

The normal at P terminated by either axis is equal to 
CP or CD (Art. 45, Cor. 2), an.d therefore also to the intercept 
on the tangent between the curve and either asymptote. 

[Art. 50. 

It remains to prove certain of the more distinctive pro- 
perties of this variety of the hyperbola, which bears the same 
kind of relation to the general hyperbola that the circle (or 
equilateral ellipse) bears to the general ellipse. 

PROPOSITION I. 

54. The angles between any two diameters of an equilate- 
ral hyperbola are equal to the angles between the conjugate 
diameters. 

Let any two diameters meet the fi^-directrix in V and F'; 
and draw SZ at right angles to fi^Fand SZ' at right angles 

* This may also be deduced as a coroUaiTy lioTci^tQ^.^. 
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to SV\ SO that SZ and 8Z are the directions of the diame- 
ters conjugate to CVsmd GV, [Art. 13. 

Then since X is the middle point of CS, [Art. 53. 

^ vcr=v8r = z8z', 

or the diameters CFand GV are inclined at the same angles 
as their conjugates. Thus any two conjugate diameters (Fig. 
Art. 55) make equal angles with the two axes : they there- 
fore make equal angles with either asymptote, and make 
complementary angles tuith either axis. 

Gorollary 1. 

Let PP' be any diameter, Q and R any two points on the 
curve ; then since supplemental chords are parallel to conju- 
gate diameters (Art. 44) the angle QPR is equal or supple- 
mentary to QPR, and therefore any chord of an equilateral 
hyperbola subtends equal or supplementary angles at the 
extremities of any diameter. 

Gorollary 2. 

In the second figure of Art. 41 (supposing the hyperbola 
to be equilateral) it may be shewn by similar triangles that 

QT.Qt=GQ'; 

and likewise that GV. VT= Q V\ 

or GV.CT = Gr^-QV'=GP\ 

Gorollary 3. 

Let ABG he a given triangle, the centre of an equi- 
lateral hjrperbola circumscribed to it, and abc the middle 
points of its sides. Then since Ob and Oc are the diameters 
bisecting the chords AB and A G respectively, they contain 
an angle equal to the given angle BA G. The locus of is 
therefore a circle passing through b and c, and likewise through 
a, since be evidently subtends the given angle at a. That is 
to say, the locus of the centre of an equilateral hyperbola cir- 
cumscribed to a given triangle is the nine-point circle of the 
trianffle. 
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PROPOSITION II. 
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55. Conjugate diameters and diameters at right angles 
are equal in the equilateral hyperbola ; and the ordinates and 
absdssce of the extremities of any two conjugate semi-diameters 
are alternately equal to one another. 

(i) The diflference of the squares of any two conjugate 
diameters being equal to the diflference of the squares of the 
axes (Art. 45), and the axes being in this case equal, it 
follows that every diameter is equal to its conjugate. 

(ii) Let CP and CD be conjugate semi-diameters, PJV 
and DR ordinates to the axis ; and let PN produced meet 
the hyperbola again in P', so that CP' = CP = CD. Then 

zFCD = PCN+ DCN = a right angle, [Prop. I. 




or any two equal semi-diameters GP' and CD lying in adja- 
cent quadrants are at right angles, and conversely. 

(iii) Since the triangles CPN and CRD are similar 
(Prop, l), and CP = CD, it readily follows that 

PN=CR, and DR^CN, 

as was to be proved. 

Corollary. 

Hence and from the relation CN^ - PN"" = CA^ it may be 
deduced that A CPD = |(7A^ The conjugate parallelogram 
is therefore equal to 4 CA^, 
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PROPOSITION III. 

56. If an equilateral hyperbola circumscribes a triangle 
it passes through its orthocentre, and conversely. 

Let AD, BEf OF be the three perpendiculars of a triangle 
ABC, and the point in which they cointersect, which is 
called the orthocentre of the triangle. 

Let a hyperbola be supposed to pass through the four 
points ABCO. Then since AD.I)0 = BD .DG,iU diame- 
ters parallel to AD and BC are equal (Art. 16, Cor. 2), and 
in like manner its diameters parallel to BE and AC are 
equal, as also are those parallel to CF and AB. 




Hence the hyperbola through ABCO, having more than 
one pair of equal diameters at right angles, must be equi- 
lateral' (Prop; II.) ; and it may be inferred conversely that 
every equilateral hyperbola circumscribing a triangle ABG 
must pass through its orthocentre 0. 



CHAPTER VII. 



THE CONE. 



57. An unlimited straight line which passes through a 
fixed point in space and makes a constant angle with a fixed 
straight line through the point generates a surface which 
is called a Cone, The fixed point is called the Vertex, the 
fixed line the Axisy and the variable line in any position 
is called a Side or a Oenerating Line of the cone. The 
constant angle between any two opposite sides of the cone is 
called its Vertical Angle. The complete cone consists of 
two infinite sheets situated on opposite sides of the vertex, 
as in the last figure of this chapter. 

This species of cone is more fully described as the right 
circular cone, the sections of it made by planes at right 
angles to its axis being evidently circles. Any such section 
may be regarded as the Base of the cone. 

In the special case in which the vertex is at infinity, and 
the generating lines are therefore all parallel to the axis and 
at right angles to the base, the surface is called no longer 
a cone but a Cylinder, 

In what follows we shall consider a plane through the 
axis to be the Plane of Reference and the Sections to be 
made by planes at right angles thereto, so that the principal 
axis of a section will always lie in the plane of reference. 
It will appear from the following propositions that a plane 
section of a cone is in general a parabola, an ellipse or a 
hyperbola. 



The Ordinate. 



PROPOSITION r. 



58. The square of the principal ordinate in any section 
varies as the rectangle contained by the corresponding db- 
actsace. 

Let AA' be the axis of the section and PN the perpen- 
dicular upon it from any point P of the section. Draw the 




circular sections of the cone through P, A, A', and let their 
diameters in the plane of reference be LM, AH, jl'ff respec- 
tively. 

Then by similar triangles 

LF : A'K=AS : AA', 

and MN : AN = A'K : AA •, 
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and by a property of the circle 

Pir = LN,MN. 
Therefore PIP : AN.A'N^AH.AK : AA"^, 

or the locus of P is an ellipse or a hyperbola, according as 
the plane of the section cuts all the generating lines of the 
cone on the same side of the vertex, as above, or cuts both 
sheets of the cone, as in the last figure of Art. 59. In either 
case the conjugate axis is a mean proportional to AH and 
A^K, and therefore the semi-axis conjugate is a mean pro- 
portional to the perpendiculars from the vertices of the section 
to the axis of the cone. 

When the plane of the section is parallel to a side of 
the cone, it may be shewn in like manner that PN^ varies 
as AN and the section is a parabola. 



Corollary. 

In the cylinder (in which all circular sections are equal) 
an oblique section is always an ellipse having its minor axis 
equal to the diameter of the base, whilst its major axis may 
be of any length greater than that diameter. Conversely 
any ellipse may he regarded as a plane section of a right 
cylinder described on a circular base equal to the minor 
auxiliary circle of the ellipse. 



The Focal Spheres. 



PROPOSITION 11. 



59. If a sphere be inscribed in a cone so as to touch the 
plane of a section^ the point of contact of the sphere with the 
plane will be a focus of the section, and the plane of contact 
of the sphere with the cone will meet the plane of the section 
in the corresponding directrix. 
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(i) Let a sphere be drawn touching a cone along the 
circle EQE, and touching the plane of a section at the 
point S\ then will 5 be a focus of the section, and the 



corresponding directrix will be the line MX in which the 
plane of contact EQE' meets the plane of the section. 

For let P be any point on the section, PF* a perpen- 
dicular to the plane of contact, PM a perpendicular to MXy 
and Q the point in which the side of the cone through P 
meets the plane of contact. 

Then since the angle QPY is always equal to half the 
vertical angle of the cone, and the angle MPY to the angle 
between the axis of the section and that of the cone, it follows 
that PQ : PY and PY : PM and therefore also PQ : PM 
are constant ratios. 

Hence, the tangents PS and PQ to the sphere being 
equal, SP also is in a constant ratio to PM; that is to say, 

* Thia line is to be suppWed. m >^\i<& ^"^^m. 
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the locus of P is a conic having the point 8 and the line 
MX for a focus and directrix, 

(ii) Every elliptic section has two focal spheres touching 
its plane on opposite sides, and every hyperbolic section two 
focal spheres touching its plane on the same side : thus the 
two foci S, H and their directrices are determined in each 
case. 




Let the side of the oone through any point P of the 
section touch the focal spheres in Q and J?, as in the annexed 
figures. Then PS and P Q, being tangents to the /S-sphere, 
are equal, and PH and PR, being tangents to the JT-sphere 
are equaL 

Hence, in the ellipse, 

SP^'HP^PQ-\-PR = qR. 

T. O. ^ 
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And in the hyperbola, 

SP~HP=PQ~PR = QR. 

In either case QR is of constant length, and may be 
shewn, viz. by making P coincide with ^, to be equal to 
ASiAH, or AA'. 

CoroUary. 

Draw the tangent at P to the section and take any point 
T upon it. Then, PS and PQ, as being tangents to the 
iS-sphere, are equal, and likewise T8 and TQ are equal, and 
iT is common to the two triangles SPT and QPT. Hence 
their angles at P are equal, or at any point of a section the 
tangent makes e^ual angles with the focal distance avd the 
side of the cone. ' 



CHAPTER VIII. 



ORTHOGONAL PROJECTION. 



60. The Orthogonal Projection^ or briefly the Projection 
of any point in space upon a plane, is the foot of the perpen- 
dicular let fall from the point to the plane. The projection 
of any line or figure is determined by the projections of its 
several points. It is evident that the projections of any 
figure upon parallel planes are equal and similar. 



PROPOSITION I. 

61. Any ellipse may be projected into a circle equal to 
its minor aiuviliary circle ; and a circle may be projected into 
an ellipse of any eccentricity having its major axis equal to 
the diameter of the circle, 

(i) Describe a right cylinder upon a circular base equal 
to the minor auxiliary circle of the given ellipse ; then the 
ellipse may be placed so as to coincide with one of the plane 
sections of the cylinder. [Art. 58, Cor. 

The plane of the section is to be taken at such an incli- 
nation to the plane of the base that the projection of the 
major axis of the section upon the base may be equal to its 
minor axis. 

(ii) All the ordinates to a diameter AA' in a circle are 
cut in the same ratio of minority GB : GA by an ellipse 
whose major axis is AA and whose minor axis is equal to 
2GB. \k^.^"^ 
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Hence if the plane of the circle be turned about AA 
through a certain angle* every point P on the ellipse will 




lie vertically under the corresponding point p of the circle^ 
or the ellipse will be the orthogonal projection of the circle. 
Thus the circle is projected into an ellipse having its major 
axis equal to AA\ whilst its eccentricity increases with the 
acute angle between its plane and the plane of the circle 
and may be of any magnitude between zero and unity. 



PROPOSITION II. 

62. The projections of parallel straight lines are parallel 
straight lines, and every line or segment in a system of paral- 
lels is in the same ratio to its projection. 

(i) The projection of a straight line upon a plane is the 
common section of that plane with the plane drawn at right 
angles to it through the line, since their common section 
evidently contains the projections of all points upon the 
line and of those only. 

Let Mq be a finite straight line and M'Q' its projection, 
so that the plane Mq'Q'M' is at right angles to the plane 
of projection. 

* In both cases of the proposition the cosine of the angle between the 
iwo planes must be equal to CB iCA, 
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Then if Mti be regarded as a variable line belonging 
to a system of parallels, the planes by which it is projected 




M7 



will be parallel, and their common sections M'Q' with the 
plane of projection will be parallel to one another, as was 
to be proved. 

(ii) Moreover, if MQ be drawn equal and parallel to 
MQ\ the angle qMQ will be constant, and the ratio of Mq 
to MQ or M'Q will therefore be invariable, as was to be 
proved. 

In the special case in which the original parallels and 
their projections are at right angles to the common section 
of their planes the constant angle qMQ is equal to the angle 
between the planes. 

PROPOSITION III. 

63. Any area in one plane is to its projection upon any 
other plane in a ratio which depends only upon the angle 
between the plants. 

In the one plane draw any number of perpendiculars 
pN, qM,,.. to the common section of the planes, and let PN, 
QMy... be their projections upon the other plane, so that 

FN : pN= QM : qM = CB : CA, 

where CB : GA is a ratio determined by the angle between 
the planes *. [Prop. 1 1 . 

* Compare the figure of Art. 61, supposing the planes of the two curves 
to be inclined at an angle whose cosine ia equal lo CB \0 A.« 
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It follows that every rectilinear figure pNMq determined 
by the pair of perpendiculars pN, qM is to its projection 
PNMQ as CA to CB\ and the aggregate of any number 
of such figures is in the same ratio to the aggregate of their 
projections. 

But any rectilinear figure in the primitive plane may be 
divided into elements by means of perpendiculars drawn 
as above ; and any curvilinear figure may be regarded as 
the limit of a rectilinear figure whose adjacent angular points 
are indefinitely near to one another. Therefore any area 
whatever in the one plane is to its projection upon the other 
plane in the ratio of GA to CB, as was to be proved. 



PROPOSITION IV. 

64. The points of concourse of lines and of their projec- 
tions correspond to one another, and the tangent to a curve at 
any point corresponds to the tangent at the projection of the 
point. 

(i) Since the projection of any line is determined by 
the projections of its several points, if any number of lines 
straight or curved pass through a point, their projections 
must all pass through the projection of the point. For ex- 
ample, if a chord of any curve be drawn through a fixed 
point its projection will pass through the corresponding fixed 
point in the plane of projection. 

(ii) If a straight line and a curve intersect in adjacent 
points P and Q, the projections of the straight line and the 
curve will intersect at the projections p and q of those points. 
Hence, the projecting lines Pp and Qq being always parallel, 
if the points P and Q coalesce their projections must also 
coalesce; that is to say, the tangent to the original curve 
at P projects into the tangent at p to the projection of the 
curve. 

We shall conclude by briefly indicating the method of 
applying these propositions, with reference in the first instance 
to the ellipse. 
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65. The Area of the ElUpse. 

It may be shewn by projecting a circle into an ellipse 
that the area of any ellipse is to that of its auxiliary circle 
as CB to GA, and hence that the area of the ellipse is equal 
toir.CA.CB. 

66. Conjugate Diameters. 

The middle points of any system of parallel chords in a 
circle may be projected into the middle points of a system 
of parallel chords in an ellipse. But in the circle parallel 
chords are bisected by a straight line; therefore in the 
ellipse also parallel chords have their middle points in a 
straight line. Hence it appears that diameters at right 
angles in the circle correspond projectively to conjugate 
diameters in an ellipse. 

Hence a simple construction for drawing conjugate dia- 
meters to an ellipse. 

On the circumference of its auxiliary circle take points 
p and d which subtend a right angle at C, and let their 
ordinates to the axis, viz. pN and dR, intersect the ellipse in 
P and D : then will CP and CD be conjugate radii. 

It is easily seen that pN" is equal GB, and hence that 
CN' + CR' = GN^ +pN^ = GA\ 

It then follows as in Art. 45 (i.) that 

GP'+GD^^GA'+GB". 
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67. The Segments of Chords. 

Project an ellipse into a circle, or a circle into an ellipse. 
Let POQ, P'OQ' be any two intersecting chords of the ellipse 
and CD, CDf the parallel semi-diameters: pog, p'og^ the 
corresponding chords of the circle and cd, ca the parallel 
radii. 

Then by Prop. il. and by known properties of the circle, 

OP.OQi CD^ = op.oq\cd* 

= op' . oq : cd'* 

^OF.Oq : CB^, 

or the rectangles contained by any two intersecting chords 
of an ellipse are as the squares of the parallel semi- dia- 
meters. 

68. The Tangent. 

Any two tangents to a circle meet upon the diameter 
bisecting their chord of contact, viz. at a point T such that 

GV.CT^CP", 

where V is the middle point of the chord, and P an ex- 
tremity of the diameter CT. It readily follows by orthogonal 
projection that the same is true in the ellipse; and in like 
manner the property of Art. 47 may be first proved for the 
circle and then transferred by projection to the ellipse. 

69. Properties of Polars. 

(a) If a chord of a circle passes through a fixed point 
the tangents at its extremities intersect on a fixed straight line, 
and conversely. 

In a circle of radius CA draw any chord PQ through a 
point 0, and let TP and TQ be the tangents at its extremi- 
ties. Draw the perpendicular TH to CO, and let TH meet 
the chord in B, and let CT meet it in /. 

Then since the angles at JET and / are right angles the 
points JET, I, T, are concyclic, and 

CH.CO^CI.CT^CAK 
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Hence if be a fixed point, CH is constant and RH 
is a fixed straight line, and conversely. 




The line RH is called the Polar of 0, and the point 
is called the Pole of RH. 

If the point be taken without the circle its polar will 
be the chord of contact of the tangents from : if the point 
be taken within the circle its polar will lie wholly without 
the curve. 

(6) Any chord of a circle is divided harmonically by any 
point through which it passes and the polar of the point. 

For in the preceding figure the points C, 7, R, H are 
concyclic, so that 

OR. OI^OH.OG-OC-GO.CH 

= CO'-GA' 

= OP.OQ. 

Hence by Lemma B, since / is the middle point of PQ, 
20P . OQ = 20R .01= OR {OP + OQ), 
and therefore PQ is divided harmonically at and R. 

These properties of polars may be extended to the ellipse 
by orthogonal projection. We may remark in passing that 
they are also true of the general conic: thus (to take a special 
case) the directrix is the polar of the foc\ia. ^kd»A ^^^^. 
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70. The Equilateral Hyperbola. 

It readily follows from the property of the principal 
ordinate (Art. 33) that an equilateral hyperbola may be 
projected into a hyperbola of any eccentricity, and vice versa. 

In the equilateral hyperbola let the length of any semi- 
diameter CD which does not meet the curve be defined by 
the condition that it shall be equal to the conjugate semi- 
diameter CP : let it be granted further that 

PN^ - DR' = CN' - CR' = €A\ [Art 55. 

and that the triangle CPD is equal to CA^. 

It may then be deduced by projection that in the general 
hyperbola the difference of the squares of any two conjugate 
semi-diameters is equal to GA^-^- CB^, and the area of the 
conjugate parallelogram to AA' . BR\ 

In like manner the property of the ordinate to any dia- 
meter in the general hyperbola (Art. 36) may be deduced 
from the special case of the equilateral hyperbola. 



CHAPTER IX. 



CURVATURR 



71. It is evident that a circle and a conic cannot inter- 
sect in an odd number of points, and it may be inferred from 
Art. 16, Cor. 3, that they cannot intersect in more than four 
points. 

Let a circle and a conic intersect in four points Q'PQP', 
two or more of which may be supposed to become coincident. 
And first let Q'. coalesce with P. Then the circle and the 
conic have simple contact at P and intersect at Q and P', 
and their common tangent and their common chord QP' 
are equally inclined to the axis of the conic. 

Next let Q also coalesce with P. Then the circle both 
touches and cuts the conic at P, and their common tangent 
and their common chord PP are equally inclined to the 
axis of the conic. 

Lastly let P" also coalesce with P. Then the circle touches 
the conic without cutting it at P and does not meet it 
again. 

72. The circle which is the limit of a circle described so 
as to touch a conic at P and cut it at an adjacent point Q 
which ultimately coalesces with P is called the Circle of Curva- 
ture of the conic at P. Its centre, radius and diameter are 
called the Centre, Radius and Diameter of Curvature at P, 
and its chord drawn from P in any direction is called the 
Chord of Curvature of the conic at P in that dkectifira., '^V>^^ 
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circle of curvature in general cuts the conic at their point of 
contact ; but when this point lies on an axis of the conic the 
circle touches the conic without cutting it at that point and 
does not meet it again. 



PROPOSITION I. 

73. The focal chord of curvature at any point of a conic 
%8 equal to the focal chord of the conic parallel to the tangent 
at that point. 

Let a circle touch a conic at P and cut it at an adjacent 
point Q. 

Draw the focal chord P8P cutting the circle in U, and 
the focal chord R8R parallel to the tangent at P ; and let 
the parallel through Q to PF meet the tangent in T, the 
circle in ^and the conic in K. 

Then by Art. 16, Cor. 2, 

Tr -.TQ.TK^RR' : PF, 

and by a property of the circle, 

TP'=-TQ.TH; 




and therefore 



TH :TK=RR' xPF. 
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Hence in the limit, when Q coalesces with P and there- 
fore THE with FUP', 

PU: PF = RR :PF, 

or the focal chord of curvature PU is equal to the focal chord 
RR parallel to the tangent at P. 



Corollary 1. 

If PF be the chord of curvature at P in any direction, 
and /SF be drawn parallel to it to meet the tangent in Y, 
it may be shewn that 




which determines the chord of curvature of a conic at any 
point in any direction. 

Corollary 2. 

It may now be deduced that in the Parabola, the chord of 
curvature at P through the focus, or parallel to the axis, 
being equal to 4/SP (Art. 21), the diameter of curvature is 
equal to 

4SP 4^* 

SY ' ^^ SA^ ' 
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where SYis the focal perpendicular upon the tangent at P; 
and in the Central Conies that, the focal chords of curvature 

being equal to ^ . (Art. 36, Cor.), the central chord of 
curvature is equal to -pp~ (^^' ^^> ^^^- 2)» ^^^ ^^® diameter 
of curvature to Trj~7iT> > ^^ ~pf" n-^"- *")• 

Corollary 3. 

The focal chord of curvature at P in any conic is equal to 

Sf' P S" P 

^ . . 4;SP (Art. 45, Cor. 1), and the ratio oTTa ^^ equal to or 

less or greater than unity according as the conic is a parabola, 
an ellipse or a hyperbola. Conversely a conic is a parahola, 
an ellipse or a hyperbola according as its focal chord of 
curvature at any point P is equal to or less or greater than 
4iSP*, the point P being supposed to lie on the /S-branch 
in the case of the hyperbola. This may also be proved by 
shewing that SGis equal to or less or greater than SP accord- 
ing as 8, in Art. 75, lies at the middle point of PIT, or at a 
greater or less distance from P. 



PROPOSITION II. 

74. At any point of a conic the chord of curvature in any 
direction is to the chord of the conic in the same direction as 
the focal chord parallel to the tangent is to the focal chord 
parallel to the chord of curvature. 

Let a circle meet a conic in three adjacent points QPQ\ 
and let a chord PZ7 of the circle meet QQ' in V and the conic 

* The square of the velocity V at any point P of an orbit described 
under the action of a central force F being measured by 

2jP X J (chord of curvature through centre of force), 

a conic so described about S will be a parabola, an ellipse or a hyperbola 
according as V^ is equal to or less or greater than 2F . SP, Bee Newton^s 
Principia Lib, i, prop. 6 (sect. 2), and prop. 17 (sect. 3). 
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again in P'. Then it may be shewn by the method of Prop. i. 
that VU is to VP' as the focal chord parallel to PP' is to 
the focal chord parallel to QQ\ The required result follows 
by making the points Q and Q' coalesce with P, in which 
case the circle evidently becomes the circle of curvature as 
defined in Art. 72. 

Thus the chord of curvature in any direction is deter- 
mined. For example the central chord of curvature is at 
once seen to be equal to 

CD' ^^p 2CD' 

75, A const7*uction to determine the centre of curva- 
ture at any point of a conic. 

From Art. 73, Cor. 2, it readily follows that at any point 
of a conic, 

J- r X (normal)' 

radius of curvature = t—, r — r<9 • 

(^ lat. rect.) 

Hence the following construction for the centre of curva- 
ture at P. 

In the figure of Art. 12 draw OU at right angles to 
PO to meet SP, and UO at right angles to SP to meet PG. 
Then 

PO PU^PQ' 
PU'PG PK'' 

or ^^^PK'' 

and therefore PO is the radius and the centre of curvature 
at P. 

In this construction PU is the semi-chord of curvature 

through 8, and is equal to -p^ . 



PROBLEMS. 



The General Conic. 

1. The distance of any point outside a conic from the focus 
is to its perpendicular distance from the directrix in a ratio greater 
than the eccentricity, and conversely, 

2. If an ellipse, a parabola, and a hyperbola have the same 
focus and directrix, the ellipse lies wholly within the parabola, 
and the parabola wholly within the hyperbola. 

3. Conies having the same focus and directrix do not meet, 

4. If SL be the semi-latus rectum, and SD be drawn parallel 
to PR (Art. 4) to meet the directrix, then 

SP : PP=:SL : SD. 

5. The segments of any focal chord subtend equal (or sup- 
plementary) angles at the foot of the directrix. 

6. Determine the pole of the latus rectum and the polar of 
the focus. [Art. 69, 

7. If chords PR, QR be produced to meet the directrix in 
p, g, the angle between the focal radii to j9, g will be equal (or 
supplementary) to half the angle between the focal radii to P, Q. 

8. If two tangents TP, TQ meet any third tangent in p, q, 
the angle between the focal radii to p, q will be equal (or supple- 
mentary) to half the angle between the focal radii to P, Q. 

9. The lines joining the extremities of any two focal chords 
of a conic intersect on the directrix, and the focal distances of 
their intersections are at right angles. 

10. If the directrix be removed to an infinite distance from 
the focus, as in Def 1, the conic becomes a circle, Find what 
properties of the circle are contained in the theorem of Art. 8 
and in Probs. 7, 8, 9. 

T. Q. ^ 
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11. If the focus and two points of a conic be given, the 
directrix must pass through one of Wo fixed points. 

12. Having given two points on a conic and its focus and 
eccentricity, shew how to describe the curve. 

13. Having given two points on a conic and its directrix 
and eccentricity, shew how to describe the curve. 

14. Having given the focus and three points of a conic, 
shew how to describe the curve. 

15. If PiV be the principal ordinate of any point P of a 
conic, then 

JSPThSL: SJV = the eccentricity, 

where SL is the semi-latus rectum. 

16. Determine the condition that a chord of a conic may be 
greater than, equal to, or less than the diameter of the eccentric 
circle of its middle point. 

17. If the point p (Art. 6) describe a series of circles about 
the same centre 0, the point F will describe a series of conies 
having the same focus and directrix; and the eccentricities of 
the conies will be to one another as the radii of the circles. 

18. If pm be drawn perpendicular to the directrix (Art. 6), 
then pm . FM= OD . SX, Hence shew that every focal chord is 
divided harmonically by the focus and directrix. 

19. At any point of a conic the tangent makes a greater or 
less angle with the focal distance than with the perpendicular to 
the directrix according as the eccentricity is a ratio of minority 
or of majority. 

20. If two conies have a common focus, their common chprd or 
chords will pass through the point of concourse of their directrices. 

21. If they also touch each other and the tangent at the 
point of contact be drawn, and if from any point on this com- 
mon tangent second tangents be drawn to the conies, the line 
joining their points of contact will pass through the focus. 

22. If the tangent at any point of a conic meet the directrix 
in Df and the latus rectum in Z, then 

SL:SD = SA :AX, 

23. The tangents at the ends of a focal chord meet the latus 
rectum at points equidistant from the focus. 

24. The focal distance of any point on a conic is equal to 
the ordinate of the point produced to meet the tangent at an 

extremity of the Jatus rectum. 
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25. If a chord of a conic subtend a constant angW at the 
focus, its envelope and the locus of its pole are conies having the 
same focus and directrix, and the eccentricities of the three are 
proportionals. [Art. 8. 

26. The vertex of a circumscribed triangle whose base sub- 
tends a constant angle at the focus, lies on a conic having the 
same focus and directrix, [Prob. 8. 

27. If TF be a tangent from 2^ to a conic, and if the ordinate 
of T meet the curve in Q, the projection of S2^ upon aS'jP is equal 
to SQ. 

28. Shew that PN" and QM in Art. 15 meet on the axis. 

29.' Prove that the line Pi? in Art. 8 is a tangent according 
to Euclid's definition. Prove also that Prop. ii. may be extended 
to chords as follows : — If be any point on a chord FQ, whose 
pole is T, and M be the projection of upon the directrix, and 
if the perpendicular from to ST meet SF, or SQ, in L; then 

SL:OM = SA:AX, 

30. Given the focus of a conic and a focal chord, the locus of 
the extremities of the latus rectum is a circle. 

31. Given a chord of a conic and the angle which it subtends 
at the focus, the focal distance of its pole passes through a fixed 
point. 

32. Any two tangents to a conic intercept upon a tangent 
drawn parallel to their chord of contact a length which is bisected 
at the curve. 

33. The portion of any tangent to a conic intercepted between 
the tangents at the ends of the parallel focal chord subtends a 
right angle at the focus, and is divided by its point of contact 
into segments equal to the distance of that point from the focus. 

34. If M be the projection upon the directrix of any point 
P on a conic, shew that SM meets the tangent at the vertex 
upon the bisector of the angle SFM, 

35. Two sides of a triangle being given in position, if the 
third subtend a constant angle at a fixed point determine its 
envelope. [Prob. 26. 

36. If a fixed straight line intersect a series of conies which 
have the same focus and directrix, the envelope of the tangents 
to the conies at the points of section will be a conic, having the 
same focus, and touching both the fixed straight line and the 
directrix of the series of conies. 

i — -A 
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37. If SY be the focal perpendicular on the tangent at F, 
and X the foot of the directrix, then 

SY: YX=SA : AX, 

Determine the locus of F, and shew that it is the envelope of 
the circle on SP as diameter. 

38. Shew also that XY meets the latus rectum at the foot of 
the perpendicular to it from F, 

39. If the diameter at a point /* on a conic bisect the chord 
normal at Q, the diameter at Q bisects the chord normal at F, 

40. The normal FG (Art. 11) becomes equal to the semi- 
latus rectum when F coalesces with the vertex. 

41. The perpendicular from G to SF varies as the ordinate 
of P; and the line joining the foot of this perpendicular to the 
foot of the ordinate of F is parallel to JSM. 

42. If Q be any point on the normal at P, and if QL be a 
perpendicular to SF, and QM a perpendicular to the ordinate of 
F, then 

QL : FM=SA : AX, 

43. The perpendicular to any focal chord from the intersec- 
tion of the normals at its extremities meets the chord at a distance 
from one extremity equal to the focal distance of the other ; and 
the pamllel to the axis from the intersection of the normals bisects 
the chord. 

44. If F be the pole of any normal chord of a conic, and Q 
the point in which it meets the directrix, the circle SFQ passes 
through an extremity of the chord. 

45. A circle which touches a conic and has its centre upon 
the axis intercepts a constant length upon the focal radius to 
either point of contact. 

46. If QQ' be the focal chord at right angles to the normal 
FG, then 

FG' = SQ . SQ\ [Prob. 33, Art. 15. 

47. Construct a conic of which an arc is given. 

48. The parallel diameters of two similarly situated central 
conies of the same eccentricity bisect the same systems of parallel 
chords. If the two conies be concentric ellipses or hyperbolas 

(or equal parabolas whose axes are coincident), shew that any 
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chord of the exterior conic is divided into pairs of equal segments 
by the interior, and that any chord of the former which touches 
the latter is bisected at the point of contact. 

49. The angle between any two chords of a conic is equal to 
the angle subtended at the focus by the portion of the directrix 
intercepted by the diameters which bisect the chords. 

50. The polar of any point with respect to a conic meets 
the directrix on the diameter which bisects the focal chord 
through that point. 

51. Any chord of a conic and the diameter which bisects 
it meet the axis and the directrix respectively upon a line parallel 
to the focal distance of the pole of the chord. Hence shew that 
in a central conic the polar of any point meets the axis at a dis- 
tance from the centre which varies inversely as the central abscissa 
of the point. 

52. The triangle whose vertices are the focus of a conic and 
the intersections of the tangent and the diameter at any point 
with the axis and the directrix respectively has its orthocentre at 
the point in which the tangent meets the directrix. 

53. Given the focus and directrix of a conic, shew that the 
polar of a given point with respect to it passes through a fixed 
point. 

54. Deduce from Art. 16 that the square of the ordinate 
at any point of a conic varies either as the distance of the foot 
of the ordinate from the vertex, or as the rectangle contained by 
the segments into which it divides the axis. 

55. Any focal chord of a conic and the diameter which 
bLsects it meet the directrix (or any fixed straight line perpendi- 
cular to the axis) at points whose ordinates contain a constant 
rectangle. Hence find the locus of the middle point of a focal 
chord. Determine also the locus of the foot of the perpendicular 
in Prob. 43. 

56. Find the locus of the middle point of a chord of a conic 
which passes through a fixed point in the axis. 

57. Deduce from Art. 10 that a line drawn from any point 
in the directrix of a conic is cut harmonically by the point, the 
curve, and the polar of the point. 

58. If OTO' touch a conic in T, and if OPQ, O'FQ' be a 
pair of parallel chords, then 

OT' : 0T'= OP. OQ •. O'F .O'Q. 
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59. Hence shew that a line drawn through any point is divided 
harmonically by the point, the curve, and the polar of the point. 

[Art. 13, Cor. 2. 

60. If a circle be drawn touching a conic at F and cutting 
it at Q and i?, then will QR and the tangent at P be equally 
inclined to the axis. Shew how to draw a circle touching a 
conic at any given point (other than a vertex) and also cutting 
it at the same point. 



The Parabola. 

61. If the ordinates or focal distances of all points on a para- 
bola be cut in a given ratio the locus of the points of section will 
in either case be a parabola. 

62. The perpendicular from /* to a chord AF meets the axis 
at a distance equal to the latus rectum from the foot of the ordinate 
of P. 

63. Circles whose radii are in arithmetical progression touch 
a given straight line on the same side at a given point. If to each 
circle a tangent parallel to the given line be drawn, it will cut the 
circle next larger in points lying on a parabola. 

64. Prove the following construction. Take any ordinate 
NP^ and draw PM equal and parallel to NA, Divide NP into 
any number of equal parts, and through the points of section draw 
parallels jt?j, 'p^^ Vz'*-" ^^ ^^ axis. Divide MP into the same num- 
ber of equal parts in points 1, 2, 3,... Then the lines j^^, p^, jt?^... 
meet -41, -42, -43,... respectively on the parabola. 

65. Deduce from Art. 19 that the middle points of all parallel 
chords of a parabola are at the same distance from the axis. 

66. A point on a parabola being given, if the focus also be 
given the envelope of the directrix will be a circle; or if the 
directrix be given the locus of the focus will be a circle. 

67. The directrix and one point being given, prove that the 
parabola will touch a fixed parabola to which the given straight 
line is tangent at the vertex. 

68. Given the directrix of a parabola and two points on the 
curve, two positions of the focus can be determined ; or given the 

focua and two points, two positions of the directrix can be deter- 
minecL 
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69. If two parabolas have a common focus, their common 
chord passes through the intersection of their directrices and 
bisects the angle between them. 

70. If two parabolas have a common directrix, their common 
chord bisects the straight line joining their foci at right angles. 

71. Find the locus of the centre of a circle which passes 
through a given point and touches a given straight line; or which 
touches a given circle and a given straight line. 

72. Find the locus of a point which moves so that its shortest 
distance from a given circle is equal to its peipendicular distance 
from a given diameter of that circle. 

73. Determine the position of P so that the triangle SFG 
(Art. 24) may be equilateral. 

74. If an equilateral triangle circumscribe a parabola, the 
focal radii to its vertices pass each through the opposite point of 
contact. [Art. 27. 

75. A focal chord being drawn to meet the tangent at a con- 
stant angle, determine the locus of their intersection. 

76. The circle on a chord of a parabola as diameter does not 
meet the directrix unless the chord passes through the focus. 

77. The circle described on any focal chord of a parabola as 
diameter touches the directrix; and the circle on any focal radius 
touches the tangent at the vertex. 

78. Circles being described on the segments of a focal chord 
as diameters, the straight line joining their centres subtends right 
angles at the intersections of their common tangents. 

79. Prove also that the squares of their common tangents 
vary as the length of the chord. 

80. A point within a parabola is nearer to the focus than to 
the directrix. 

81. If P be any point on a parabola whose focus is S^ and 
TM be perpendicular to the directrix, prove that the line bisecting 
the angle SPM is the tangent at P, according to Euclid's definition 
of a tangent. 

82. In Art. 20 shew that the angle QOQ' is equal to the, angle 
MYM\ In what case are these angles right aa^l^^t 
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83. Prove the following construction for drawing tangents to 
a parabola from an external point T, With centre T and radius 
TS describe a circle cutting the directrix in M and iV, then the 
diameters through these points meet the curve in the points of 
contact of the tangents. 

84. Shew that all parabolas are similar curves. 

85. A parabola being given find its axis and focus. 

86. Shew ho\^ to place in a parabola a focal chord of given 
length. 

87. The perpendicular to a chord of a parabola from its 
middle point V meets the axis at a distance equal to SX from the 
foot of the ordinate of V, 

88. Shew that the locus of the middle point of a focal chord, 
or of any chord which meets the axis in a fixed point, is another 
parabola. 

89. If PQ be a focal chord of a parabola, SA,PQ=^SF. SQ. 

90. The semi-latus rectum is a mean proportional between 
the principal ordinates of the ends of a focal chord. And ii AM, 
AM' be the corresponding abscissae, then AM , AM' = AS*. 

91. If PQ be a focal chord, AP, AQ meet the latus rectum at 
distances from aS^ equal to the ordinates of Q and P, 

92. If a leaf of a book be folded so that one comer moves 
along an opposite side the direction of the crease touches a para- 
bola. 

93. The locus of the vertex of a parabola which has a given 
focus and a given tangent is a circle. 

94. A triangle revolves about its vertex in one plane : prove 
that at any instant the directions of motion of all the points of its 
base are tangents to a parabola. 

95. The diameters through the extremities of any focal chord 
of a parabola meet the chords joining them to the vertex upon 
the directrix and intercept upon it a length which subtends a 
right angle at the focus. 

96. In Ai-t. 22 shew that QD^ = ^AS. PV. 

97. From a point on the directrix of a parabola are drawn 
^wo tangents, and through the focus S t^fo straight lines parallel 



THE PARABOLA. 105 

to these tangents ; shew that the part of the directrix intercepted 
between these pandlels is bisected in 0, 

98. A circle can be described touching any two diameters 
of a parabola and the focal radii to their extremities. 

99. A chord QQ^ is cut in by a diameter which meets the 
curve in P. Shew that if i^ be a point on the curve whose 
abscissa is PO, and PVy PV be the abscissae of §, §', then 

Deduce that QV . QT = OB' and FV . Fr=^FO\ 

100. Any triangle whose base is parallel to the axis of a 
parabola has its remaining sides in the subduplicate ratio of the 
parallel focal chords. [Art. 30. 

101. If FQ be a chord which subtends a right angle at A, and 
ANy AM\i% the principal abscissae of P, Q^ then FQ passes through 
the fixed point K in the axis, where AK= 4: AS, and 

AJ^.AM=FJ!f. QM= IQAS\ 

102. A chord FQ of a parabola is a normal at P and subtends 
a right angle at the vertex : prove that aS'^ is three times SF, 

103. If a circle cut a parabola in points 1, 2, 3 above the 
axis and in a point 4 below it, the difference of the ordinates of 
1, 3 is to the difference of their abscissae as the sum of the ordi- 
nates of 2, 4 is to the difference of their abscissae. Deduce that 
the ordinate of 4 is equal to the sum of the ordinates of 1, 2, 3. 

Examine the cases in which (1) 1, 2 coalesce, (2) 1, 2, 3 
coalesce. 

104. If 1, 2 and 3, 4 lie on opposite sides of the axis the 
sum of the ordinates of 1, 2 is equal to the sum of the ordinates 
of 3, 4. 

105. If a circle and a parabola touch in one point and in- 
tersect in two others, the diameters of the parabola at the latter 
points will meet the circle again on a parallel to the tangent at 
the former. 

106. If P be a point on a parabola and R8 be produced to T 
so that ST=^ SR and the tangents TF, TQ be drawn, prove that 
the circle TFQ touches the curve in P. 

107. The tangents at P, Q meet in T, and is the centre of 
the circle TFQ : prove that OT subtends a right angle at ^ and 
that the circle OFQ passes through 5. \K-'^. ^ , 
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108. Two parabolas which have a common focus and their 
axes in opposite directions intersect at right angles. 

109. Two given parabolas have the same focus and axis, and 
any line through the focus cuts them in P, Q, /*', Q^ : shew that 
the tangents at these points form a rectangle one diagonal of which 
goes through the focus. 

110. Shew that the locus of intersection of tangents which 
are at right angles to two parabolas which have a common focus 
and axis is a straight line perpendicular to the axis. Examine the 
case in which the directrices of the two parabolas coincide. 

111. If from any point 2^ on a fixed tangent a second tangent 
TP be drawn, the angle iSTF will be constant. Hence shew that 
if two fixed tangents be cut by any third in points p, q, the 
triangle Spq will have its angles constant. 

112. FQR being a circumscribed triangle, the perpendiculars 
from P, Q, R to SP, SQ, SR are concurrent. 

113. If one triangle can be inscribed in a given circle so that 
its three sides touch a given parabola, any number of triangles can 
be so described. 

114. Deduce from Art. 29 that if the tangents at P, Q meet 
in T, the circle through P touching QT in T passes through the 
focus. 

115. Two fixed straight lines intersect in : prove that any 
circle through and through another fixed point S meets the two 
fixed lines again in points such that the chord joining them touches 
a fixed parabola whose focus is S. 

116. The locus of the centre of the circle circumscribing the 
triangle formed by two fixed tangents to a parabola and any 
other tangent is a straight line. 

117. If two tangents to a parabola be cut by any third, 
their alternate segments have the same ratio, and this ratio is 
constant when the two tangents are fixed. 

118. If the two tangents from any point on the axis of a 
parabola be cut by any third tangent, their alternate segments will 
be equal. 

119. If T be the point of concourse of the tangents to a para- 
bola at P and Q, and if /?, q be the points in which any third 
tangent intersects them, then 

Tp' Tq _ 

TP"^TQ" 
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120. Shew that the envelope of a straight line which is cut 
in a constant ratio by three fixed straight lines is a parabola 
touching the three fixed lines, [Prob. 111. 

121. The side PQ of a circumscribed triangle PQR meets the 
directrix in D, and RN drawn perpendicular to PQ meets SD in 
N'y prove that N lies on the circle PQR. Deduce that if a 
parabola be inscribed in a triangle, its directrix passes through 
the orthocentre. 

122. Shew that one parabola can in general be described 
touching four given straight lines. 

123. Deduce from properties of the parabola the following 
geometrical theorems : — 

(i) If from any point on the circumscribed circle of a triangle 
perpendiculars be let fall upon its three sides their feet will be 
coUinear. 

(ii) The circumscribed circles of the four triangles formed by 
any four straight lines meet in a point. 

(iii) The orthocentres of the four triangles formed by any 
four straight lines are collinear. 

124. Two fixed tangents are drawn to a parabola: prove 
that the locus of the centre of the nine points' circle of the triangle 
formed by these and any other tangent is a straight line. 

[Prob. 116. 

125. If from the focus aS^ of a parabola, SY^ SZ be drawn 
perpendicular to the tangent and normal at any point, YZ will be 
parallel to the axis. 

126. The normals at the ends of a focal chord intersect at 
right angles upon its diameter, and the locus of their intersection 
is a parabola. 

127. The normal at any point is equal to twice the focal 
perpendicular upon the tangent, and is also a mean proportional 
between the focal distance of the point and the latus rectum. 

128. Two circles whose centres are on the axis of a parabola 
touch the parabola and one another. Prove that the difierence 
of their radii is equal to the latus rectum. 

129. Two points are taken on a parabola such that the sum 
of the parts of the normals intercepted between the points and 
the axis is equal to the part of the axis intercepted between the 
normals : prove that the difference of the normals is equal to the 
latus rectum. 
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130. The perpendicular ST being drawn to any tangent, a 
straight line is drawn through Y parallel to the axis to meet in Q 
the straight line through S parallel to the tangent : prove that the 
locus of Q is a parabola. 

131. The normal at any point is equal to the ordinate which 
bisects the subnormal at that point. 

132. The perpendicular to a normal to a parabola at the 
point in which the normal meets the axis envelopes an equal 
parabola, and the focal vector of the point at which the normal is 
drawn meets the envelope at the point in which the perpendicular 
touches it. 

133. The locus of the foot of the focal perpendicular on the 
normal is a parabola. 

134. The squares of the normals at the ends of a focal chord 
are together equal to the square of twice the normal perpendicular 
to the chord. [Prob. 127. 

135. The diameter through one end of a focal chord bisects 
the chord normal at the other. 

136. A normal chord of a parabola produced to meet the 
directrix subtends a right angle at the pole of the chord ; and the 
polar of the middle point of the chord meets the focal radius to 
its point of concourse with the directrix upon the normal at its 
further extremity. 

137. If T be the pole of a chord PQ normal at P, and AN^ be 
the abscissa of P, shew that 

FQ .FT^PN : AN, 

138. Prove also that the straight line drawn from 8 at right 
angles to ST bisects QT, 

139. If a parabola be made to roll upon an equal parabola, 
their vertices being initially coincident, the locus of the focus of 
the former will be the directrix of the latter. 

140. The tangent at any point meets the directrix and the 
latus rectum in points equidistant from the focus. 

141. The vertex of a constant angle whose sides envelope a 
parabola traces a hvperbola having the same focus and directrix. 

[Art 8. 
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142. Tangents being drawn to a parabola from any point T^ 
the diameters through their points of contact meet any secant 
FQ which passes through T in M and N: shew that 

143. Given two chords of a parabola, find the direction of its 
axis, and shew that there are two solutions. 

144. If a circle and a parabola touch and cut one another at 
the same point (Prob, 60), their common chord is equal to four 
times their common tangent at that point, terminated by the axis. 

145. If i? be any point on the tangent at P to a parabola 
and if the diameter through R meet the curve in Q, then will RP^ 
vary as RQ. 

146. A diameter meeting a chord and the tangent at an end 
of it is cut by the curve in the ratio in which it cuts the chord. 

J 47. Draw a chord which shall be cut in a given ratio by 
a given diameter. 

148. The intercepts on any diameter of a parabola between 
any two tangents and the ordinates of their points of contact to 
that diameter are equal ; and the triangle contained by the two 
tangents and the diameter is equal to half the trapezium bounded 
by their chord of contact, the two ordinates and the diameter. 

149. Three tangents to a parabola form a triangle equal to 
half the triangle determined by their points of contact. 

150. The area of a parabolic segment is to a triangle of the 
same base and altitude as four to three. 



The Central Conies. 

151. In Art. 33 shew that Z'Ap and ZpA' are straight lines. 

152. The sides AD, DC of a rectangle ABCD are divided 
into the same number of equal parts, and straight lines are drawn 
from B, A respectively to the points of section. Shew that cor- 
responding lines in the two series meet on an ellipse whose axes 
are equal to the sides of the rectangle. 

153. A parallelogram ABCD has its diagonal -4(7 at right 
angles to the side AB, If CD be divided into any number of 
equal parts, and straight lines be drawn from A to tlcia ^<5k\s&s» ^^ 
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section, and if AG he divided into the same number of equal parts 
and straight lines be drawn from JB to the points of section, then 
will corresponding lines in the two series meet on a hyperbola. 

154. Given one focus of a central conic, a point on the curve, 
and the length of the axis; find the locus of the further focus, 
and the locus of the centre. 

155. If two ellipses whose major axes are equal liave a com- 
mon focus, they will intersect in two points only; and their com- 
mon chord will be at right angles to the straight line joining their 
centres. [Art. 5. 

156. What is the locus of the centre of a circle which touches 
two fixed circles ] 

157. Given a central conic, find its centre and focL 

158. Shew that the sum (or difference) of the focal distances 
of any point without the conic is greater than the transverse axis, 
and conversely. 

159. Draw a tangent to a conic parallel to a, given line. 

160. A conic is drawn touching an ellipse at the extremities 
A, B oi the axes, and passing through the centre C of the ellipse; 
prove that the tangent at C is parallel to AB. 

161. If the perpendicular from the centre on the tangent at 
P meet the focal distance SF produced in B, the locus of ^ is a 
circle whose diameter is equal to the transverse axis. 

162. Given a focus of an ellipse, the length of the transverse 
axis, and that the second focus lies on a straight line, prove that 
the ellipse will touch two fixed parabolas having the given focus 
for focus. 

163. The circle inscribed in the triangle SPS^ touches SP in 
3f, and SS' in iVT. Prove that PM = AS, and AI^ = SP. 

164. From a point in the auxiliaiy circle straight lines are 
drawn touching the ellipse in P and P' ; prove that SP is parallel 
to/S'P'. 

165. A diameter of an ellipse varies inversely as the per- 
pendicular focal chord of the auxiliary circle. [Art. 46. 

166. If SYy SZ be perpendiculars on two tangents which 
meet in T, the line through T perpendicular to YZ will pass 

through aS". 
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167. Given a focus S and two tangents, the locus of the 
second focus is a straight line. 

168. If SYj SZ be di*awn perpendicular respectively to the 
tangent and normal at any point, YZ will pass through the 
centre. 

1(59. The ordinates to the axes at the points in which a com- 
mon diameter meets the major and minor auxiliary circles of an 
ellipse intersect two and two on the ellipse. 

170. A given point P in a given straight line AB which slides 
between two fixed straight lines at right angles traces an ellipse, 
whose semiaxes are equal to AP and BP, [Art. 35. 

171. Deduce the theorems of Art. 43. 

■ 

172. A circle can be drawn through the foci arid the inter- 
section of any tangent with the tangents at the vertices. 

1 73. Any diameter is divided harmonically by a double ordi- 
nate and the point of concourse of the tangents at its extremities. 

174. The exterior angle between two tangents to an ellipse 
is an arithmetic mean to the angles which the chord of contact 
subtends at the two foci. What is the corresponding theorem 
when the direction of the chord of contact falls between the 
foci? 

175. The focal radii to the two ends of a diameter make 
equal angles with the tangents thereat. 

176. The ordinate PN bisects the angle YJSTY' (Art. 39), 
and the points YNCY' are coney lie. 

1 77. Also SY^ : CB' = SP : 20 A i SP. 

178. Also, if CD be the radius conjugate to CP, 

SY:SP=CB:CD. 

179. The normal at P is a harmonic mean to SY, S'Y (Art. 
39), and is bisected by S'Y and by SY\ 

180. Tangents being drawn from any point on a circle 
through the foci, shew that the bisectors of the angles between 
them pass through fixed points. [Art. 40, Cor. 1. 

181. If the tangent and normal meet either axis in T, G, 
then CG.CT=^GS\ 
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182. If P be any point on a conic whose foci are S and £^, 
the circles on SF, S^F as diameter touch the auxiliary circle and 
have for their radical axis the ordinate of F. 

183. The pole of the tangent at F with respect to the 
auxiliary circle lies on the ordinate of F, 

184. A circumscribing parallelogram which has two comers 
on the directrices has the other two on the auxiliary circle. 

[Art. 7, Cor. 

185. Prove that if one rectangle can be inscribed in a given 
circle so that its sides touch a given conic, any number of rectangles 
can be so described. 

186. If an ellipse inscribed in a triangle has one focus at the 
orthocentre, the other focus will be at the centre of the circum- 
scribing circle. 

187. Prove also that the transverse axis of the ellipse is 
equal to the radius of the nine-points' circle of the triangle, and 
that the ellipse has double contact with the circle. 

188. If an ellipse slide between two straight lines at right 
angles the locus of its centre is a circle. 

189. The straight line joining the foci subtends at the pole of 
a chord half the sum or difference of the angles which it subtends 
at the extremities of the chord. 

190. Tlie portion of a normal chord intercepted between the 
directrices subtends at the pole of the chord half the sum of the 
angles which the straight fine joining the foci subtends at the ex- 
tremities of the chord. [Prob. 44. 

191. The pole of any straight line with respect to a central 
conic may be found by joining the points in which it meets the 
directrices to the nearer foci, and di*awing perpendiculars through 
the latter to the joining lines. 

192. Every ellipse has one pair of equal conjugate diameters, 
and they coincide with the diagonals of the rectangle formed by 
the tangents at the extremities of the axes. Has the hyperbola 
any corresponding property 1 

193. If CF and CD be conjugate radii of an ellipse, 

(SF - CAy + {CA - SB)* = CS". 

194. When is the sum or difference of conjugate diameters 
greatest, and when least ] 
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195. The tangent from iV to the circle on XX' (Art. 49) as 
diameter varies as the normal at /*, and the tangent to the 
auxiliary circle varies as PN, 

196. If JV^ be a point in ^^' produced the circles described 
about S^ JS' with radii A^, NA ' meet on the hyperbola. What is 
the corresponding construction for the ellipse % 

197. From a fixed point 0, OF is drawn to a given circle. 
Find the envelope of a straight line through P inclined at a con- 
stant angle to OP, 

198. In a central conic a circle through P and either G ov g 
cuts off from the focal distances lengths whose sum is constant. 

199. Given in an ellipse a focus and two points, the other 
focus describes a hyperbola. 

200. TP, TQ are the tangents from T ; prove that a circle 
can be described with T as centre so as to touch SP, HP, SQ, and 
MQ, or these lines produced. What does this become for the 
parabola 1 

201. If Pj Q be points on a central conic, a confocal passes 
through the intersections of SP, S'Q and SQ, S'P', and the 
tangents at these points and at /*, Q cointersect. 

202. If PP', DD' be conjugate diameters of a hyperbola and 
Q Bjoj point on the curve, shew that QP^ + QF^ exceeds QD* + QD'- 
by a constant quantity. 

203. Given two points of a parabola and the direction of its 
axis, the locus of the focus is a hyperbola. 

204. A chord which subtends a right angle at the vertex 
meets the axis in a fixed point. 

205. P being any point on an ellipse, the locus of the centre 
of the circle inscribed in the triangle iSPS' is an ellipse. What is 
the locus of the centre of the circle touching the transverse axis of 
an ellipse, /S'P, and S'P produced ? 

206. In a hyperbola the locus of the centre of the circle 
inscribed in the triangle SPS' is a straight line ; and the locus of 
the centre of the circle touching the transverse axis, SP and S'P 
produced, is a hyperbola, 

T. Q, "^ 
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207. If a hyperbola touches the sides of a quadrilateral in- 
scribed in a circle and if one focus lies on the circle, the other lies 
on the circle. 

208. The triangle whose base is equal to the transverse axis, 
and its remaining sides to the focal distances of any external 
point, has its vertical angle equal to the angle between the tan- 
gents to the conic from that point and its remaining angles to tl^e 
angles which either tangent subtends at the foci 

[Arts. 39; 40, Cor. 1. 

209. The projection of the normal at any point, terminated 
by the conjugate axis, upon either focal distance is equal to the 
semi-axis transverse. 

210. The focal distances of g (Art. 42) meet the directrices 
upon the parallel to the axis through P. 

211. 1i AM and A'M be taken on the axis equal to the focal 
distances of any point P on an ellipse, then 

CP' = CB' + GM'. 

Deduce the property of the principal ordinate. 

212. If two ellipses having equal axes be placed vertex to 
vertex, and one of them roll upon the other, either of its foci will 
describe a circle about a focus of the latter. 

213. The common diameters of equal, similar and concentric 
ellipses are at right angles. [Art. 14, Cor. 1. 

214. The diagonals of any parallelogram circumscribing a 
conic are conjugate diameters; and the sides of any inscribed 
parallelogram are parallel to conjugate diameters. 

215. The sum or difference of the reciprocals of the squares 
of any two diametera at right angles is constant. 

216. The inscribed parallelogram whose diameters are at 

right angles envelopes a circle, the reciprocal of the square of 

1 1 

whose radius is equal to j^^j^ i ^^^ . 

% 

217. Determine the positions of a chord of an ellipse which 
subtends right angles at both foci. [Art. 42, Cor. 

218. The opposite sides of a quadrilateral described about an 
ellipse subtend supplementary angles at either focus. 
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219. If a triangle ABC circumscribe a conic the sum of the 
angles subtended by BG at the foci will exceed the angle A by two 
right angles. 

220. An ellipse touches the sides of a triangle; prove that 
if one of its foci move along the arc of a circle passing through 
two of the angular points of the triangle, the other will move 
along the arc of a circle passing through the same two angular 
points. 

221. A circumscribed quadrilateral whose diagonals meet at 
the centre of the conic must be a parallelogram. 

222. If P and Q be points on a conic, CM and CN" their 
abscissae, and T the point in which PQ meets the axis, then 

CT{PM-QN) = PM. CN-QJSr. CM*. 

223. If CPy CD and CF, CD' be conjugate radii, and if PiV^, 
DB be ordinates to CP", then 

CN':hCB' = CP''; PN'^DB'^CB''; 

and PJ^ : CR^DB : CN^ CD' : CF. 

* 

224. The vertices of the conjugate parallelograms of an ellipse 
lie on a similar ellipse, and their polars envelope a similar ellipse. 
What are the corresponding properties of the hyperbola ? 

225. The parallelograms whose diagonals are any two dia- 
meters and their conjugates respectively are equal. 

226. With the orthocentre of a triangle as centre two ellipses 
are described, the one touching its sides and the other passing 
through its vertices : prove that they are similar, and that their 
homologous axes are at right angles. [Art. 46. 

227. If two ellipses having equal major axes be inscribed in 
a parallelogram, their foci determine an equiangular parallelo- 
gram. 

228. Any circle through the focus S and the further vertex -4' 
of a hyperbola whose eccentricity is two, meets the curve in three 
points P, (2, B which determine an equilateral triangle ; and con- 
versely the circumscribing circle of any equilateral triangle in- 
scribed in a hyperbola whose eccentricity is two, passes through a 
focus and the further vertex. 

♦ Equate the areas (CPT -CQT) and (CPU -V PM^q - Ci.C^. 
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229. Any one of a series of conterminous circular arcs may be 
trisected by drawing a pair of hyperbola* whose eccentricity is 
two, and whose centres and vertices trisect the chord of the arc. 
How does it appear from this construction that the problem, to 
trisect a given angle, admits of three solutions ? 

230. Prove that in Prob. 228 the focal radii SP, SQ, SB 
meet the curve in three other points which deteimine an equilate- 
ral triangle ; and shew that the triangle FQE envelopes a fixed 
parabola having S and the /S-directrix for focus and directrix* 

231. Draw a pair of conjugate diameters inclined at a given 
angle ; and thence determine the axes and f ocL 

232. If two points U and E^ be taken in the normal FG to an 
ellipse such that FJS = FE^ — CD^ where CB is the radius conju- 
gate to CF, the loci of ^ and E' are circles, whose diameters are 
equal to the sum and difference of the axes of the ellipse. 

233. Prove also that the axes bisect the angles between the 
lines CE^ GE', Deduce a construction for determining the axes 
of an ellipse when two conjugate diameters are given. 

234. For a hyperbola, the loci of E and JE^ are hyperbolas 
having their axes equal to the sum and difference of the axes of 
the given hyperbola. 

235. The tangent at F meets any two conjugate diameters in 
T, ty and TS, tH meet in Q ; prove that the triangles SFT, HFty 
TQt are similar, and also that tiie area of the triangle GFT varies 
inversely as that of GFt, 

236. If the tangent at Q (Fig. Art. 41) meet two parallel 
tangents in R and R\ then will the radius parallel to the tangent 
be a mean proportional to QR and QR. Shew also that the 
radius parallel to RF is a mean proportional to FR, P'R, 

[Art. 47. 

237. The common tangents to an ellipse and to a circle 
through the foci touch the circle in points lying on the tangents at 
the ends of the minor axis. 

238. If any two points P, Q be given on a conic, prove that 
a third point R may be found so that the angle FRQ is a maxi- 
mum by the following construction. 

Draw a tangent parallel to PQ,to\]L\^\vVii^\L^ ^lU^ae in K^ and 
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draw EE perpendicular to the major axis, cutting the curve again 
in^* 

239. The two points on a central conic at which any chord 
subtends the greatest and least angles are at the ends of a diameter 
equal to that which bisects the chord. 

240. If two chords be dmwn from any point of a conic 
^ually inclined to the normal at that point, the tangents at their 
further extremities will intersect upon the normal f. 

241. Supplemental chords of a conic which are equally in- 
clined to the curve at their common point have their poles upon 
the orthocycle, and their sum or difference is equal to the diameter 
of the samef. 

242. A bifocal conic being defined as the locus of a point P 
the sum or difference of whose distances from two fixed points S, 
S^ is constant, prove, by taking Euclid's definition, that the tan- 
gent is the bisector (external or internal) of the angle JSFS' ; and 
prove also the property of the directrices and the property of the 
principal ordinate §. 

243. Prove that two confocal conies of the same species do 
not meet 



244. If from any point of a conic tangents are drawn to a 
confocal conic, these tangents are equally inclined to the normal at 
the point. [Art. 40, Cor. 1. 

245. The bisectors of the angles between the tangents from 
any point are tangent and normal to the confocala through that 
point. Prove that confocal conies cut at right angles. 

* The chord PQ must subtend equal angles at R, and a consecutive point 
on the curve. Hence R lies on one of the segments of circles described upon 
the chord so as to touch the conic. 

t If PQ, PQ' be two such chords and the normal PP" and the tangent 
at P meet QQ' in JT, T respectively, Q'KQT is a harmonic range. Then see 
Prob. 69. 

X Here the normal PP* is an ordinate of QQ\ and is parallel to the 
tangent at Q. 

§ If P' be any point on the bisector of the angle SPS' then, for the ellipse, 
SP' + S'P' >SP + /S'P, and simfiarly for the hyperbola. Also if in the ellipse 
SP + S'P=i2CA and GN be the abscissa, it may be shewn that 

5fP2-S'P2=4Cfif. CN and SP-5'P=2e . CN, 

where e stands for the ratio CS : CA. It may also be shewn (Lemma D) that 
(5fP+5'P)2 + (5fP-5'P)«=4(C52 + C^3 + p2^). 

Similar remarks apply to the hyperbola. 

II Conies which have the same foci aie csAVed. c(mf oca\ ^Qrc^&<3^» 
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24:6, Draw figures illustrating a system of confocal conies, 
shewing that special cases are,— a circle, a straight Hne perpendi- 
cular to the major axis, the line joining the foci, and its comple- 
ment *. 

To what does the theorem that confocal conies cut at right 
angles reduce when the two foci coalesce 1 

247. Shew that if the sides of a rectangle touch two confocal 
conies, its vertex lies on a fixed concentric circle. 

248. Shew that for any two confocal conies, the difference of 
the squares of the distances from the centre of parallel tangents is 
constant. 

249. If a circle be drawn through the foci of two confocal 
conies, cutting them in P, Q, the tangents at F, Q will intersect 
on the circumference of the circle. 

250. If a chord of a central conic be produced to meet the 
directrices, the parts produced will subtend equal angles at the 
pole of the chord. 



The Asymptotes. 

251. Given the asymptotes of a hyperbola and a point on the 
curve, determine the foci and directrices. 

252. The perpendicular from a focus to an asymptote meets 
it upon the corresponding directrix, and the point of intersection 
lies on the auxiliary circle. Shew also that the point of contact of 
the tangent from such a point of intersection lies on a focal 
radius parallel to the asymptote. 

253. The asymptotes of a hyperbola may be regarded as 
tangents whose points of contact are at infinity. [Art. 7. 

254. At any point P of a hyperbola SP is equal to a line 
drawn parallel to an asymptote to meet the directrix. 

255. If the tangent at any point P cut an asymptote in T, 
and SP cut the same asymptote in Q, then SQ = QT. 

256. The line joining a pair of adjacent extremities of any 
two conjugate diameters is parallel to one asymptote and is bisected 
by the other. 

* The remainder of an unlimited fitraight line from which any part has 
/been taken away ia called the complement ol t\iQA. '^Qkt\i. 
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257. The asymptotes and any two conjugate diameters divide 
any straight line harmonically^. 

258. Supposing the axes of a hyperbola to vanish whilst 
its eccentricity remains unaltered, determine the limiting form of 
the curvet. 

259. Given a pair of conjugate diameters, two hyperbolas 
can be described : these have the same asymptotes, and every two 
diameters conjugate in the one are conjugate in the other J. 

260. If two conjugate diameters of a hyperbola be equal, 
every two conjugate diameters must be equal and the asymptotes 
must be at right angles. 

261. If two hyperbolas have the same asymptotes a chord of 
one touching the other is bisected at the point of contact. 

262. If tangents be drawn to a hyperbola from any point on 
the conjugate hyperbola, their chord of contact will touch the 
opposite branch of the latter and be bisected at its point of 
contact. 

263. The tangent to a hyperbola at P meets an asymptote 
in T and TQ is drawn parallel to the other to meet the curve in, 
Q ; prove that if PQ meet the asymptotes in L and Jf, the line 
LM will be trisected at P and Q, 

264. A hyperbola can be drawn through the ends of any 
two radii of an ellipse so as to have the conjugate diameters as 
asymptotes. 

265. If through two points P, R' of a hyperbola lines be 
drawn parallel to the asymptotes forming the parallelogram 
RTET, shew that TT goes through the centre (7, and that 
CT. Cr = CP\ where P is a point where CTT cuts the curve. 

266. If the abscissae on either asymptote of any number of 
points on a hyperbola are in arithmetical progression, their 
ordinates are in harmonical progression. 

267. The straight lines joining the points in which any two 
tangents to a hyperbola meet the asymptotes are parallel; and 
the intercepts which the tangents make upon the asymptotes are 
bisected by their chord of contact. 

* Prove that they divide the tangent at a vertex harmonically. The 
theorem is really contained in Prob. 256. See Lemma G. 

t Here the foci and directrices coalesce into the centre and the line along 
which the minor axis was measured. 

X Two hyperbolas thus related are said to b^ ccm^ugau. 
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268. Find the locus of a point which divides the part of 
any tangent intercepted between the asymptotes in a constant 
ratio. 

269. Find the locus of the centroid of a triangle of con- 
stant area contained by one variable and two fixed straight lines. 

270. If the ordinate at P to either axis meets the nearer 
asymptote in E, the perpendicular through E to the asymptote 
passes through the point in which the normal at P meets that 
axis. 

271. The four normals to a hyperbola and its conjugate at" 
points lying upon a perpendicular to either axis meet one another 
upon that axis. 

272. Any tangent and its normal meet the asymptotes and 
the axes respectively in four points which lie on a circle passing 
through the centre of the curve ; and the radius of this circle 
varies inversely as the perpendicular from the centre on the 
tangent. 

273. The intercept on any tangent between the asymptotes 
subtends at the further focus an angle equal to half the angle 
between them : it also subtends a constant angle at the intersection 
of its normal with either axis. 

274. The chords of intersection of any circle with the 
asymptotes are equally inclined to the axis. Shew that this agree:) 
with Prob. 258. 

275. The products of the segments of any two intersecting 
chords of the asymptotes are as the parallel focal chords of the 
hyperbola. 

276. Any circle which touches both branches makes an inter- 
cept equal to the transverse axis on either asymptote. 

277. The lines joining a variable point on a hyperbola to 
two fixed points on it intercept a constant length on either 
asymptote. 

278. The axes of the two parabolas which have a common 
focus and pass through two given points are parallel to the 
asymptotes of the hyperbola which passes through their focus and 
has the given points for foci. [Prob. 68. 
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279. If an ellipse and a confocal hyperbola intersect in P, 
an asymptote passes through the point on the auxiliaiy circle of the 
ellipse which corresponds to P. 

280. The* area of the hyperbolic sector determined by any 
two radii CP, CQ is equal to the area cut off from the space 
between the asymptotes by the parallels from P and Q to either 
asymptote. 



The Equilateral Hyperbola. 

281. The subnormal at any point of an equilateral hyperbola 
is equal to the central abscissa ; the tangent from the foot of the 
ordinate to the auxiliary circle is equal to the ordinate, and the 
projection of the normal (terminated by either axis) upon either' 
focal vector is equal to the semi-axis. 

282. The centre of an equilateral hyperbola circumscribing 
an equilateral triangle lies on the inscribed circle of the triangle, 
and the centre of the circle lies on the hyperbola. 

283. The locus of the middle point of a straight line which 
cuts off a constant area from a corner of a square is an arc of a 
rectangular hyperbola. 

284. CY being drawn perpendicular to the tangent at a point 
P of an equilateral hyperbola, the angle PGY is bisected by the 
transverse axis, and the triangles PC Ay GA Y are similar. 

285. If CPf CD be conjugate radii of a rectangular hyperbola, 
then will D be the reflexion of P with respect to one of the 
asymptotes. 

286. Any two conjugate semi-diameters contain equal and 
similar triangles with the ordinates and abscissae of their ex- 
tremities to any other diameter. 

287. The ends of the equal conjugate diameters of a series of 
confocal ellipses lie on the confocal equilateral hyperbola. 

288. If PQ and P^Q be any pair of supplemental chords of a 
rectangular hyperbola,, the bisectors of the angle PQP are parallel 
to the asymptotes ; and if the tangent at Q and its ordinate to PP" 
meet that diameter in T and V, then CP and TP" subtend equal 
angles at Q, and the circle round CQ2^ touches QV. 
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289. Diameters at right angles bisect chords at right angles ; 
and any chord subtends equal or supplementary angles at the ends 
of a perpendicular chord. 

290. Of two chords at right angles or conjugate in direction, 
one and one only is a chord of a single branch. 

291. On opposite sides of a chord of a rectangular hyperbola 
equal segments of circles are described. Shew that the four points 
in which the completed circles meet the curve again are the 
vertices of a parallelogram. 

292. Tangents to a parabola which include the supplement of 
half a right angle intersect on an equilateral hyperbola. [Art. 8. 

293. Every right-angled triangle inscribed in an equilateral 
hyperbola has its hypotenuse parallel to the normal at the opposite 

.angle. Hence shew how to draw a tangent at any given point on 
the curve. [Art. 56. 

294. The base of a triangle and the sum or difference of its 
base angles being given, the locus of its vertex is an equilateral 
conic. Determine the asymptotes of the hyperbola by supposing 
the vertex of the triangle to be infinitely distant. [Art. 54. 

295. The chords connecting the ends of a fixed diameter of a 
circle and of any double ordinate of the same intersect upon an 
equilateral hyperbola. 

296. If on an arc AB of a circle whose centre is there be 
taken two points P, Q such that arc AP=s2 arc BQ, then a 
rectangular hyperbola described on ^0 as diameter so as to pass 
through the intersection of OB with the tangent to the circle at A 
will also pass through the intersection of AF, OQ, 

297. Shew also that the hyperbola and the completed circle 
intersect in three points (other than A) which determine an 
equilateral triangle; and deduce that the problem, to trisect a 
given angle, admits of three solutions. 

298. The opposite arcs cut off by any two diameters subtend 
equal angles at any point on the curve. 

299. If two concentric rectangular hyperbolas are such that 
the axes of one are the asymptotes of the other, they cut each 
other at right angles, and any common tangent subtends a right 
angle at the centre. 

300. A circle through the centre and two points of a 
rectaDgalar hyperbola passes a\&o tYixoxx^ Wi<6 \£L\Ai:«>^tion of the 
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lines drawn from each of the two points parallel to the polar of 
tbe other. 

301. Ellipses being inscribed in a parallelogram, their foci lie 
on an equilateral hyperbola. [Prob. 294. 

302. A conic through the centres of the four circles which 
touch the sides of a triaugle is a rectangular hyperbola, and its 
centre is on the circumscribing circle. [Art. 56. 

303. A conic through the four coihmon points of two 
rectangular hyperbolas is itself a rectangular hyperbola. 

304. The tangents to an equilateral hyperbola at the vertices 
of an inscribed triangle meet two and two on the lines joining the 
feet of the perpendiculars of the triangle. [Prob. 59. 

305. If each vertex of a triangle be the pole of the opposite 
side with respect to an equilateral hyperbola, the circumscribing 
circle will pass through the centre of the hyperbola*. 

306. A circle and an equilateral hyperbola intersect in four 
points : if one of their common chords is a diameter of the 
hyperbola, the other is a diameter of the circle, and the tangents 
to the circle at the ends of this diameter are ordinaies of the 
diameter of the hyperbola. 

307. The circles described upon the six common chords of 
any two equilateral hyperbolas as diameters cut one another 
orthogonally in opposite pairs. 

308. The circles described on parallel chords of an equilateral 
hyperbola as diameters have a common radical axis. 

309. A circle meets an equilateral hyperbola in four points 
0, P, Q, R and 00\ PP\ QQ\ RR are diameters of the hyperbola : 
prove that 0' is the orthocentre of the triangle FQR^ and 
similarly for the others. 

310. Two circles touch the same branch of an equilateral 
hyperbola and touch each other in the centre : prove that the 
chord of the hyperbola joining the points of contact subtends at 
the centre an angle equal to the angle of an equilateral triangle. 



* A triangle each of whose vertices is the pole of the opposite side mt\v 
respect to a conic is called a self-conjugate ox 8elJ-]^olaT \tfi».Tis^^, 
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The Cone. 

311. In Art. 59 shew that AS^A'H, and SH= OA i 0A\ 

312. A conic section may be regarded as the locus of a point 
the sum or difference of whose distances from a point in itcs 
plane and a point without it is constant. 

313. Express the eccentricity of a section of a cone in terms 
of the angles which the axis of the cone makes with its sides and 
with the axis of the section*. 

314. The sections by identical planes of the cones touching 
two given spheres have their eccentricities in a constant ratio. 

315. All sections of a right cone made by planes parallel to 
tangent planes of the cone are parabolas, and their foci lie on a 
cone having with the first a common vertex and axis. 

316. If two or more plane sections have the same directrix, 
the corresponding foci lie on a straight line through the vertex of 
the cone. 

317. The sphere having for diameter the line joining the 
centres of the focal spheres of a section contains its auxiliary 
circle. 

318. The perpendiculars upon any tangent to a section from 
the centres of its focal spheres are at right angles to one another. 
Deduce that the product of the focal perpendiculars upon the tan- 
gent is constant 

319. If T be any point on the tangent at P to a section, the 
two tangents to it from T are inclined at the same angle as the 
tangents TQ, TR [Art. 59 (iL)] to the spheres. Deduce the pro- 
perty of the orthocycle. [Art. 59. Cor. 

320. The conjugate axis of a section is a mean proportional 
to the diameters of its focal spheres. 

321. The latus rectum of any section whose plane touches a 
sphere about the vertex of the cone as centre is equal to the 
diameter of the circular sections whose planes touch the sphere. 

* One form of the value of the eccentricity is cos a sec /5, where a and /5 
are the inclinations of the axis of the cone to the axis of the section, and to 
a side of the cone respectively. 
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322. The sections of a cone by parallel planes are similar 
curves ; and the asymptotes of the hyperbolic sections made by 
parallel planes are parallel to the sides of the cone which lie on 
the parallel plane through its vertex. 

323. Shew how to cut a section of maximum eccentricity 
from a given cone. 

324. A conic section may be regarded as the locus of a point 
the sum or difference of the tangents from which to two fixed 
circles is constant. 

325. The vertex of a right circular cone which contains a 
given ellipse lies on a certain hyperbola, and its axis touches the 
hyperbola. 



Projection. 

326. Prove by the method of projection that tangents to an 
ellipse at the extremities of any choid intersect on the diameter 
which bisects the chord, 

327. Deduce from a known property of the circle that the 
area of the conjugate parallelogram of an ellipse is constant. 

328. TP, TQ are tangents to an ellipse, and GP\ CQ' are 
the parallel radii ; prove that PQ is parallel to P'Q'. 

329. Any two similar and coaxal ellipses may be projected 
into concentric circles. Hence shew that a chord of an ellipse 
which always touches a similar and coaxal ellipse is bisected at its 
point of contact, and that it cuts off a constant area from the 
outer ellipse: and shew that the portions of any chord intercepted 
between the two curves are equal. 

330. Find the locus of the point of intersection of the 
tangents at the extremities of pairs of conjugate diameters of an 
ellipse. 

331. Find the locus of the middle point of the lines joining 
the extremities of conjugate diameters, 

332. Any two radii of a circle and a pair of radii at right 
angles thereto determine equal triangles : what is the correspond- 
ing property of the ellipse ? 
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333. The orthogonal projection of a parabola is a parabola ; 
and an ellipse or hyperbola may be projected into an ellipse or 
hyperbola of any eccentricity. 

334. If a chord of an ellipse and the tangents at its extremi- 
ties contain a constant area, the chord cuts off a constant area 
from the ellipse and touches a similar ellipse, and the tangents at 
its extremities intersect on another similar ellipse. 

335. A polygon described about an ellipse so as to have its 
sides bisected at their points of contact is of constant area, and 
the polygon formed by joining every two successive points of 
contact is of constant area. 

336. Any double ordinate to a given diameter of an ellipse 
being divided into segments whose product is constant, the point 
of section traces a similar coaxal ellipse. 

337. Prove that the greatest triangle which can be inscribed 
in an ellipse is that which has its sides parallel to the tangents at 
its angular points and its centroid at the centre of the ellipse. 

338. The least triangle circumscribing a given ellipse has its 
sides bisected at the points of contact. 

339. The greatest ellipse which can be inscribed in a given 
parallelogram is that which bisects its sides. 

340. If a triangle be inscribed in an ellipse, the parallels 
through its vertices to the diameters bisecting the opposite sides 
meet in a point. 

341. Parallel chords drawn to an ellipse through the 
extremities of conjugate diameters meet the curve again at the 
extremities of conjugate diameters. 

342. Through the centre of an ellipse and the points of 
concourse and contact of any two tangents a similar and similarly 
situated ellipse can be drawn. 

343. Through a given internal point draw a straight line 
cutting off a minimum area from a given ellipse. 

344. If the tangent at the vertex A of an ellipse meets 
a similar coaxal ellipse in T and T\ any chord of the former 
drawn from A is equal to half the sum or difference of the parallel 
chords of the latter through T and T'. 

345. The tangents to an ellipse at F and F' are parallel, any 
two conjugate diameters meet them in D and JD', and any third 
tangent meets them in T and T"; shew that 

FD\FT^Pr\FB\ 
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346. A triangle ABC inscribed in an ellipse has its centroid 
at the centre of the ellipse; shew that the tangents at the opposite 
extremities of the diameters through A^ B, C form a triangle 
similar to and four times as great as the triangle ABC. 

347. If two conjugate hyperbolas having a pair of conjugate 
diameters of an ellipse for asymptotes cut the ellipse at points 
lying on four diameters 1, 2, 3, 4 taken in order: then will 1, 3 
and 2, 4 be conjugate in the ellipse, and 1, 4 and 2, 3 in the 
hyperbolas. 

348. The locus of the middle point of a chord of an ellipse 
drawn through a fixed point is a similar ellipse, having its centre 
midway between the fixed point and the centre of the given 
ellipse. 

349. Given the directions of two sides of a triangle inscribed 
in a given ellipse, determine the envelope of its third side. 

350. Prove that the perpendiculars from any point on a 
circle to a fixed chord and to the tangents at its extremities are 
continued proportionals. What is the corresponding property of 
the ellipse ? 



Curvature. 

351. The radius of curvature at an extremity of the latus 
rectum of a parabola is equal to twice the normal. 

• 352. The diameter at either extremity of the latus rectum of 
a parabola passes through the centre of curvature at its <5ther 
extremity. 

353. Determine the position of the common chord of a 
parabola and its circle of curvature at an extremity of the 
latus rectum. 

354. The circle of curvature at a point P of a conic cuts off 
from the diameter through P a portion equal to the parameter of 
that diameter*. 

355. If the tangent at any point P of a parabola meet the 
axis in jT, and if the circle of curvature meet the curve in §, then 
PQ = iPT. 

* The parameter of any diameter of a central conic is defined as a third 
proportional to that diameter and its conjugate. 
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356. At any point P of a parabola, if PF be the projection of 
SF upon the tangent, the chord of curvature through the vertex 
is a third proportional to AF and 2FY, 

357. If R be the middle point of the radius of curvature at F 
in a parabola, FE subtends a right angle at S, 

358. The radius of curvature at any point of a parabola is 
double the portion of the normal intercepted between the curve 
and the directrix. 

359. Shew that the centre of curvature may be regarded as 
the point of ultimate intersection of two consecutive normals to the 
conic. 

360. If Q and Q' are points on a parabola on the same side of 
the axis and V the middle point of QQ', shew that the ordinate 
of the point of concourse of the normals at Q and ^ is to the 
ordinate of F as the product of the ordinates of Q and Q^ to the 
square of the semi-latus rectum. Hence determine the ordinate 
of the centre of curvature at F and the length of the radius of 
curvature. 

361. The tangent from any point of a parabola to the circle 
of curvature at its vertex is equal to the abscissa of the point, 

362. The envelope of the common chords of a parabola and 
its circles of curvature is a parabola, and the locus of their middle 
points is a parabola. 

363. If F, Fy F" be points on a parabola, P, F on one side 
of the axis, and /*" on the other side, and the normals at P, FyF" 
cointersect, prove that the sum of the ordinates of F and F is 
equal to the ordinate of P"*. 

364. If from the vertex of a parabola chords AR and AR! \^ 
drawn equally inclined to the axis, the normals at the extremities 
of any chord parallel to AR intersect upon the normal 2X K \ and 
the centre of curvature at the extremity of the diameter "which 
bisects AR lies upon the normal at R!^ 

365. A circle through the vertex of a parabola cuts the curve 
in general in three other points, the normals at which cointersect. 
Prove also that the centroid of the triangle formed by the three 
points lies on the axis. [Prob, 103, 

* If the normals cointersect at a point whose projection on the axis is Z, 
we get PN . ZG=P'N' . ZG' =P"N" . ZG" ; whence, after some reduction, 
PN-^FN'=F'N", 



366. Prove that at the vertex ji of a conic the radius of 
curvature is equal to AS(1 + e), where e is the eccentrioityj and at 

the vertex B to -^^ , 

367. If the osculating circle at a vertex of an ellipse passes 
through the further focus, determine the eccentricity*. 

3fi8. The circle through the foci of an ellipse and the extremity 
S of its minor axis wiH cut the minor axis in the centre of curva- 
ture at B. 

369. An ellipse, a parabola, and a hyperbola have the same 
vertex and the same focus : shew that the curvature at the vertex 
of the parabola is greater than that of the hyperbola and less 
than that of the ellipse f. 

370. If /* be a point of an ellipse equidistant from the minor 
axis and a dii'ectrix, the circle of curvature at P will pass through 
one of the foci. 

371. The tangent at /" in an ellipse meets the axes in T and 
t, and CI" is produced to meet the circle TCt in L : prove that 
2PL is equal to the central chord of curvature at P, and that 
CL . CP is constant. 

372. The circle of curvature at an extremity of one of the 
equal conjugate diameterB of an ellipse paBses through its other 
extremity. 

373. Find the points on a central conic at which the diameter 
of curvature is a mean proportional to the axes. 

374. At any point P of a rectangular hyperbola, the radius 
of curvature varies as C'P\ 

375. At any point of a rectangular hy^rbola the diameter of 
the curve is equal to the central chord of curvature. 

376. At any point i* of a rectangular hyperbola if CP be 
produced to Q, so that PQ - CP, and QO be drawn perpeodicular 
to CQ to meet the normal at P in 0, then is the centre of curva- 
ture at P, 

377. At any point of a rectangular hyperbola the normal 
chord ia equal to the diameter of curvature J. 

* The circle of carvatare at a point P on a conic is the circle of closest 
contact irlth the conic at P, and is called its Oaculaling Circle at that point. 

+ Carvuturc ia measured by the reciprocal of the FBdiufl of aurvatm-e. 

J This may be proved from properties of the ecDtroid, orthocentre and 
centre of oixcumacribiiig circle of a triangle by taking three near points on 
the oarre nlUmatel; coincident and using Art, 5G. 

1.0. 9 
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378. At any point -P of a rectangular h3rperbola, if PN be 

perpendicular to an asymptote, the chord of curvature in the di- 

CP' 
rection PN is equal to ^ , 

379. From the point in which the tangent to an ellipse at P 
meets the major axis a straight line is drawn bisecting one of the 
focal distances and meeting the other in Q, Prove that PQ is one- 
fourth of the focal chord of curvature at P, 

380. A hyperbola which touches an ellipse, and has a pair of 
its conjugate diameters for asymptotes has the same curvature as 
the ellipse at their points of contact. * 

381. At a point P of an ellipse the chord of curvature in the 
direction of the ordinate PM is to PM as WD^ is to BC^, 

382. In a central conic let the diameter CD parallel to the 
tangent at P meet P(?, the common chord of the ellipse and the 
circle of curvature at P, in K ] then will PQ . PK be equal to 
2CD'f and the like is true for any chord of curvature PQ', 

383. The normal chord which divides an ellipse most unequally 
is a diameter of curvature, and is inclined at half a right angle to 
the axis*. 

384. Prove that if two straight lines make supplementary 
angles with any third straight line, their projections make supple- 
mentary angles with the projection of that third line. 

Hence, or otherwise, prove that if the circles of curvature at 
the extremities of two conjugate radii CP and CD of an ellipse 
meet the curve again in Q and P, PE is parallel to DQ, 

385. Given a point on a circle, three positions may be found 
on the curve of a point P such that OP and the tangent at P 
make supplementary angles with a given diameter, and the three 
positions of P determine an equilateral triangle. 

. Deduce by projection that there are three points on an ellipse, 
lying at the vertices of a maximum inscribed triangle, whose 
osculating circles cointersect at a given point on the ellipse. 

Prove also that the normals at the three points cointersect, 
and that the four points lie on a circlet. [Prob. 337. 

* The normal in two coDsecutive positions must cut off equal areas, and 
must be bisected-at the centre of curvature. 

t If ABC be a maximum inscribed triangle, and the osculating circle at 
^ meet the curve again in A\ the tangent at A is parallel to BC, which is 
therefore equally inclined to the axis ^it\i A A' . 
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Miscellaneous. 

386. If FQ be a chord of a conic, and if the parallel focal 
chord F meet the tangent at F in T, then 

FQ.ST=F.SF. 

387. Given the focus of a conic inscribed in a triangle, find the 
points of contact. 

388. If two chords AB, CD of a conic (not being parallel to 
one another) make equal angles with the axis, then will AC, 
BD and likewise AD, BG make equal angles with the axis. 

389. If a chord of a conic subtends equal angles at the 
extremities of another chord, it subtends equal angles at the 
extremities of any chord parallel to the latter. 

390. The tangent to a conic at a given point meets any two 
parallel tangents in points whose focal distances meet on a fixed 
circle, having its centre on the normal at the given point. 

391. If two focal chords of a hyperbola be conjugate in 
direction, the lines joining their extremities meet on the asymp- 
totes, and in the equilateral hyperbola pass through fixed points on 
the asymptotes. 

392. One triangle being inscribed and another circumscribed 
to a parabola, if their sidea be parallel each to each they will be 
in the ratio of four to one. 

393. If a parabola be inscribed in a given triangle, each 
<5hord of contact passes through a fixed point which lies on the 
bisector of the corresponding side of the triangle. 

394. If TF, TQ be tangents to an ellipse, and CF, CQ' the 
parallel radii, shew that the triangles TFQ and CF^Q' are together 
equal to the trapezium CFTQ, and likewise to the triangle of 
Prob. 208. 

Prove also that 

TF.TQ^CF . GQ' = TS. TH*. 

' 395. Shew from Art. 6 that if the directrix of a conic and 
the eccentric circle of any point have a point in common, the 
corresponding point on the conic is at an infinite distance. 

Deduce that the hyperbola has two real points at infinity, the 
ellipse none, and the parabola two coincident points f. 

* We have to shew that the triangle of Prob. 208 is equal to PTQ + FCQ'; 
which follows from Prob. 225, taking into account that PCQ = J (PSQ + PHQ). 

t Or, in other words, the parabola touches the line at infinity^ the 
hyperbola cuts it in real, and the ellipse in ima^mox^ '^oyq!^<&. 
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396. Deduce from Art. 37 and Prob. 170 two methods of 
describing an ellipse mechanically. 

397. If a straight rod S^L be moveable in one plane about 
the end S^, and a string LPS, fastened at L and another fixed 
point S, be stretched in contact with the rod by a pencil P, then 
the pencil will trace one branch of a hyperbola whose foci are 8 
and S\ How may the other branch be traced? Deduce a method 
of describing a parabola mechanically, 

398. If ABC be a triangle whose sides touch a conic at the 
points a, h, c, then 

Ah , Be , Ca = Ac » Ba , Ch. 

What is the corresponding theorem when the conic cuts the 
sides of the triangle) [Art. 16. 

399. A central conic which passes through four given points 
has a pair of conjugate diameters parallel to the axes of the two 
parabolas which can be drawn through the same four points'^. 

400. Prove that in general two parabolas and any number of 
central conies can be drawn through four given points; and that 
no two conies can intersect in more than four points. 

* Let TP, TQ be tangents to an ellipse, and OAB, OCD chords parallel 
to them. Determine a diameter of each of the two parabolas tnrough 
A,B,C,D (Prob. 143); then PQ and the diameter through T in the ellipse 
are parallel to the diameters of &e parabola. 



Many of the above Problems are taken from the larger work referred to in 
the Preface. A few references to it may be found useful. 

Prob. 10 : see p. 22, Scholium A. 
Prob. 69: see p. 82, Art. 18. 

Prob. 101 and Prob. 204. These are particular oases of a general theorem, 
for which see Art. 120, Cor. 2, or Art. 144. 

Prob. 160. This is proved by the method of infinitesimals; see Art. 82. 
Most of the foot-notes are taken from the same source. 
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from Professor Oonington's Edition. 58. 6d. —iBneid, Books Y.-XII. 5e. 6d. 
Also in 9 separate Yoltunes, 1«. 6d. each. 

Zenophon: The Anabasis. With Life. ByBey. J. F. Macmichael. 5«. 
Also in 4 separate volumes, Is. 6d. each. 

The Cyropiedia. By G. M. Gknrham, M.A. 6«. 

Memorabilia. By Perciyal Frost, M.A. is, 6(2. 

A Gh*ammar-Sohool Atlas of Olasaioal Geography, containing 
Ten selected Maps. Imperial Sno. Cs. 

Uniform with the Series, 

The New Testament, in Greek. With English Notes, &e. By 
Bey. J. F. Macmichael. 7&. Gd. 



CAMBRIDGE GREEK AND LATIN TEXTS. 

JSsohyluB. By F. A. Paley, M.A. Bs. 

OflBsar : De Bello Gallioo. By G. Long, M.A. 2#. 

Oioero : De Seneotute et de Amioitia, et Epistolss Selectn. By 

G. Long, M.A. Is. 6d. 

OioeroniB OrationeB. Vol. I. (in Yerrem.) By G. Long, M.A. 8«.6d. 

Euripides. By F. A. Paley, M.A. 8 vols. 8«. 6(2. each. 

Herodotus. By J. G. Blakesley, B.D. 2 vols. 7#. 

Homeri Bias. I.-XII. By F. A. Paley, M.A. 2#. 6d. 

HoratiuB. By A. J. Macleane, M.A. 2#. M, 

Juvenal et Persius. By A. J. Macleane, M.A. Is, %d, 

Luoretius. By H. A. J. Munro, M.A. 28, 6(2. 

Sallusti Orispi OatlUna et Jugurtha. By G. Long, M.A. Is, 6(i. 

Sophooles. By F. A. Paley, M.A. 8^. 6(2. 

Terenti ComcBdiss. By W. Wagner, Ph.D. Ss, 

Thucydides. By J. G. Donaldson, D.D. 2 vols. 7s. 

VirglliuB. By J. Conington, M.A. 8#. 6(2. 

Xenophontis Ezpedltio Cyri. By J. F. Macmichael, B J!l. 2$, 64. 

Novum Testamentum G-rseoum. By F. H. Scrivener, MJL 
4«. M. An edition with wide margin for notes, half bonnd, 12s. 
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CAMBRIDGE TEXTS WITH NOTES. 

A Selection of the nwst usually read of tfie Greek and Latin Aiithors, Annotated for 
SchooU. Fcap. 8vo. Is. 6d. each, with exceptions. 

Burlpldes. Alcestis. — ^Medea. — Hippolytns. — Hecuba. — Baochas. 

Ion. 2«. — Orestes,— Phoenissaj.—Troades. — Hercules Parens. By P. A. 
Paley, M.A. 

iBflohyluB. Prometheus Yinclius. — Septem contra Thebas. — ^Aga- 
memnon. — Pers83, — Enmenides. By F. A. Paley, M.A. 

Sophocles. CBdipus Tyrannos. — (Edipus Coloneus! — Antigone. 

By P. A. Paley, M.A. 
Homer. Biad. Book L By F. A. Paley, M.A. Is, 

Terence. Andria. — ^EEauton Timorumenos. — Phormio. — ^Adelphoe. 
By Professor Wagner, Ph.D. 

Gioero. De Senectute, De Amicitia, and EpistolaB Selectie. By 

Q. Long, M.A. 

OtIcL. Selections. By A. J. Madeane, M.A. 

Others in preparation. 

PUBLIC SCHOOL SERIES. 

A Series of Classical Texts, annotated by weU-knovm Scliolars. Or. 8w, 
ArlBtophanes. The Peace. By F. A. Paley, M.A. 4», 6d. 

The Achamians. By F. A. Paley, MJL 4». 6<2. 

'- The Frogs. By F. A. Paley, M.A. is. 6<2. 

Olcero. The Letters to Atticus. Bk. I. By A. Pretor, M.A. is, 6d. 
Demoethenes de Falsa Legatione. By B. Shilleto, M.A. 6«. 
The Law of Leptine& By B. W. Beatson, M.A. d«. 6d. 

Plato. The Apology of Socrates and Onto. By W. Wagner, Ph J). 
7th Edition. 4a, ^d. 

■— The Phaedo. 6th Edition. By W. Wagner, Ph.D. 5«. fid. 

The Protagoras. 4th Edition. By W. Wayte, M.A. 4». 6d. 

The Euthyphro. 2nd Edition. By G. H. Wells, M.A. 8». 

The Euthydemus. By G. H. Wells, M.A. 4«. 

Theiaepublic. Books L&n. By G. H. WeUs, M. A. 6«.6A 

FlautoB. The Aulularia. By W.Wagner, Ph.D. 3rd Edition. 4».6d. 

Trinunmius. By W. Wagner, Ph.D. 3rd Edition. As, 6<i 

The Menaechmei. By W. Wagner, Ph.D. 4«. 6d. 

Sophoolis Traohinise. By A. Pretor, M.A. is, 6d. 

Terence. By W. Wagner, Ph.D. 10». 6d. 

TheoorltoB. By F. A. Paley, M.A. is, 6<2. 

Thucydides. Book VI. By T. W. Dougan, M.A., Fellow of St. 
John's College, Oambridge. . [ImmedMAtH/y, 

Other* in preparaXion. 

CRITICAL AND ANNOTATED EDITIONS. 

.SStna. By H. A. J. Mnnro, M.A. 8«. 6<2. 

Arlstophanis Gomoedia. By H. A. Holden, LL.D. 8yo. 2 Tola. 
238. 6d. Plays s«ld separately. 

Pax. By F. A. Paley, M.A. Fcap. 8vo. is, 6d. 

Catullus. By H. A. J. Munro, MJL Is. 6d. 

Corpus Foetaarum Latinorom. Edited by Walker. lTol.8yo. 18«. 

Horace. Quinti Horatii Flacci Opera. By H. A. J. Mnnxo, MX 
Large 8to. 11. Is, 
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Ukwj. The first five Books. By J. Prenderille. 12mo. nmn, 5f » 
OrBool9L.in.8i.6(L IT. and Y. 3*. 6(L 

Xiwnrettns. Titi Lucretii Gari de Bemm Natura Lihri Sex. With 
% TransUtkn and Notes. Bj H. A. J. Mnnzo, M.A. 2 toU. Sre. Vol. I. 
Text. (New Edition, Prepanng.) YoL n. Tnuulatum. (Sold separately.) 

OrkL P. OvidiiNasonisHeroidesXIV. By A. Palmer, M.A. SvaGt. 
Pir opertiu fl. Sex Anrelii Proper tii Carmina. By P. A. Paley, MJL 

8to. Cloth, Sk 

Sas. Froperfii Elegianim. LibiilV. By A. Palmer. Fcap.8TO.5f. 

Sophocles. The AJaz. By G. E. Palmer, MJL 4». 6d. 

ThnoycUdes. The Iffistoiy of the Pelopoimesian War. ByBichard 
Shflleto, ILA. BookL 8to. eK.6iL BooklL 8to. 5c 6d. 

LATIN AND GREEK CLASS-BOOKS. 

Atudlia TAtfna. A Series of Progressive Latin Exercises. By 
M.J.B.Baddeler.M.A. Eoap.aro. PiartLAiOcidence. 2iidBditioii,TeTi86d. 
2c Piartn. 4th Edition, reriMd. 2c Key to Part II. 2c 6d. 

Latin Prose LeasofDS. By Pn^ Church, M.A. 6th£dii Fcap.8Y0. 
2c 6d. 

Latin TBxflrolsea and Grammar Papers. By T. Collins, M.A. 4th 
Edition. Fcap. Sro. 2c 6d. 

Unseen Papers in Latin Prose and Verse. With Examination 
Questions. By T. Collins, M.A. 2nd Edition. Fcap. 8to. 2c 6d. 

in Greek Prose and Verse. With Examination Questions. 

By T. Collins, M.A. Foap. 8va 8c 

AnaJ^rtioal Latin Ezerdses. By C. P. Mason, BX 3rd Edit. 8«.6d. 

Latin Mood Construction. Outlines of. With Exercises. By 
the Bey. O. £. C. Casey, M.A., F.L.S., F.G.S. Small post 8to. Is. 6d. 
Latin of the Exercises. Is. 6d. 

floala OarsBoa : a Series of Elementary Greek Exercises. By Bev. J. W. 
Daris, M.A., and E. W. Baddeley, M.A. Srd Edition. Foap.Syo. 2c 6d. 

Oreek Verse Composition. By G. Preston, MJL Crown 8to.4«.6<2. 

Oreek Partioles and their Combinations according to Attic Usage. 
A Short Treatiie. By F. A. Paley, M.A. 2s. 6d. 

By the Bey. P. Fbo6t, M.A., St. John's Collsob, Cahbbidob. 
ISclogflB lAtinip ; or, First Latin Beading-Book, with English Notes 
and a Dictionary. New Edition. Foap. Sto. 2c 6d. 

Materials for Latin Prose Composition. New Edition. Fcap.Syo. 
2s. 6d. Key, 4s. 

A Latin Verse-Book. An Introductoty Work on Hexameters and 
Pentameters. New Edition. Foap. 8vo. Ss. Key, 5s. 

Analeota Qneoa Minora, with Introductory Sentences, English 
Notes, and a Dictionary. New Edition. Fcap. Svo. 3c 6d. 

Materials for Ghreek Prose Composition. New Edit. Fcap. Sro. 

3s. 6d. Key, 5s. 

FLorllegiam Foetiomn. Elegiac Extracts from Ovid and Tibnllns. 
New Edition. With Notes. Fcap. 8vo. 3s. 

By thb Bby. F. E. Gbetton. 
A First Cheque-book for Latin Verse-makers. 1#. 6i. 

A Latin Version for Masters. 2«. 6d. 

Beddenda ; or Passages with Parallel Hints for Translation into 
Latin Prose and Terse. Crown Svo. 4s. 6d. 
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Beddenda Beddlta (see below), 

Anthologla Qresca. A Selection of Choice Greek Poetry, with Notes. 

By F. St. John Thackeray. 4eh and Chmper Bdxbion, 16mo. 4a. 6d. 

Anthologla Latina. A Belection of Choice Latin Poetry, from 
N89yiu8 to Bodthios, with Notes. By B«t. F. St. John Thackeray. Bevised 
and Cheaper Edition. 16mo. 4a. 6d. 

Bt H. a. Holden, LL.D. 
Foliorum Silvula. Part I. Passages for Translation into Latin 
Elegiac and Heroic Verse. 9th Edition. PostSvo. 7s. dd, 

Part n. Select Passages for Translation into Latin Lyrio 

and Comic Iambic Verse. 3rd Edition. PostSvo. 58. 

Part m. Select Passages for Translation into Greek Verse. 



3rd Edition. Post 8to. Ss. 

Folia Silvulsa, sive Edogaa Poetamm Anglicorom in Latinum et 
Gneoom oonverssB. Svo. Vol. I. lOs. 6d. Vol. II. 128. 

Foliomm CentnrisB. Select Passages for Translation into Latin 
and Greek Prose. 8th Edition. PostSvo. Ss. 

TRANSLATIONS, SELECTIONS, &o. 

*«* Many of the following books are well adapted for School Prizes. 
iEflchylus. Translated into English Prose by F. A. Paley, M.A. 

2nd Edition. Svo. 78. 6d. 

Translated into English Verse by Anna Swanwidk. Post 

8vo. 5s. 

Horace. The Odes and Carmen Sceculare. In English Verse by 

J. Conington, M.A. 8th edition. Fcap. Svo. 5«. 6d. 

The Satires and Epistles. Li English Verse by J. Coning- 

ton, M.A. 5th edition. 68. 6d. 

Illustrated from Antique Gems lt>y G. W. King, M.A. The 



text revised with Introduction by H. A. J. Monro, M.A. Large. Svo. 11. la. 

Horace's Odes. Englished and Imitated by various hands. Edited 
by C. W. F. Cooper. Crown Svo. 68. 6d. 

liusus Intercisi. Verses, Translated and Original, by H. J. 
Hodgson, M.A., formerly Fellow of Trinity Collie, Cambridge. Ss. 

PropertiaB. Verse Translations from Book V., with revised Latin 
Text. By F. A. Paley, M.A. Fcap. Svo. 38. 

Plato. Gorgias. Translated by E. M. Cope, M.A. 8vo. 7«. 

Philebus. Translated by F. A. Paley, M.A. Small 8vo. 4«. 

Theadtetus. TranslatedbyF.A.Paley,M.A. Small Svo. is. 

Analysisandlndex of the Dialogues. By Dr. Day. Po8fr8vo.6«. 

Beddenda B^ddita : Passages from EngUsh Poetry, with a Latin 
Terse Translation. By F. B. Gretton. Crown Svo. 68. 

SabrlnsB Corolla in hortulis Begias Schola Salopiensiscontezuenmt 
tres viri floribus legendis. Editio tertia. Svo. 88.6d. 

TheooritoB. In English Verse, by G. S. Calverley, M.A. New 

Edition, revised. Crown Svo. 7«. 6d. 

Translations into English and Latin. By C. S. Galverley, M.A. 

Post Svo. 7a. 6d. 

into Greek and Latin Verse. By B. C. Jebb. 4to. doth 

gilt. 108.6d. 

Between Whiles. Translations by B. H. Kennedy. 2nd Edition, 
revised. Crown Svo. 6s. 



Oeorge Bell and Sans* 



REFERENCE VOLUMES. 

A Latin Grammar. By Albert Harkness. Post 8yo. 69. 

By T. H. Key, M.A. 6th Thousand. Post 8yo. Ss. 

A Short Latin Grammar for Sohoola. By T. H. Key, MJl.». 

F.B.S. Uth Edition. PoetSvo. 3§,6d, 

A Guide to the Ohoioe of OlaHBJoal Books. By J. B. Mayor, MJL» 

BeTised Edition. Grown 8to. Ss. ' 

The Theatre of the Greeks. By J. W. Donaldscm, D.D. 8th 

Edition. Poet 8yo. Sb, 

Keightley's Mythology of Greeoe and Italy. 4th Edition. 5#» 
A Dictionary of Latin and Greek Quotations. By H. T. Biley. 

Poet 8yo. 5s. With Index Yerbonim, Gs. 

A History of Roman Literature. By W. S. Teuffel, Professor at 
the Unirenity of Tdbingen. By W. Wagner, Ph.D. 2 vols. Demy 8yo. 2U. 

Student's Guide to the University of Cambridge. 4th Edition 
revised. Foap. 8yo. 6», 6d. ; or in Parts.— Part 1, 28. 6d. ; Parts 2 to 9, Is. 
each. 

CLASSICAL TABLES. 

Latin Aooidenoe. By the Bev. P. Frost, M.A. It, 

Latin Versifloation. Is, 

Notabilia Qussdam; or the Principal Tenses of most of th» 
Irregular Greek Verbs and Elementary Greek, Latin, and French Oon-^ 
strootion. New Edition. Is. 

Biohmond Rules for the Ovldian Distich, &o. By J. Tate» 

]i.A. la. 

The Principles of Latin Syntax. It, 

Greek Verbs. A Catalogue of Verbs, Iiregnlar and Defective; their 
leading formations, tenses, and inflexions, with Paradigms for conjugation^ 
Rules for formation of tenses, &C.&C. By J. S. Baird, T.O.D. 28. 6d. 

Greek Accents (Notes on). By A. Bany, D.D. New Edition. 1#. 

Homeric Dialect. Its Leading Forms and Peculiarities. By J. S. 
Baiid, T.O.D. New Edition, by W. G. Rutherford. U, 

Greek Aooidence. By the Bev. P. Frost, M.A. New Edition. It, 



CAMBRIDGE MATHEMATICAL SERIES. 

Algebra. Choice and Chance. By W. A. Whitworth, M.A. 8rd 

Edition. 68. 

XSuolid. Exercises on Euclid and in Modem Geometry* By 
J. McDowell, M.A. 3rd Edition. 6s. 

Trlgoncmietry. Plane. By BeY.T;yyyyan,M.A. 2nd Edit. 38. 6{L 

Oonics. The Geometry of. 3rd Edition. By C. Taylor, D.D. 48.6(2. 

Solid Geometry. By W. S. Aldis, M.A. 3rd Edition. 68. 

JZI^d Dynamics. By W. S. Aldis, M.A. 48. 

^emetntary Dynamics. By ^. Gaxnett, M.A. 3rd Edition. 68. 
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Heat. An Elementary Treatise. By W. Gamett, M.A. 2nd Edit. 
38. 6d. 

Hydromechanios. By W. H. Besant, M.A., F.B.S. 4th Edition. 

Part I. Hydrostatics. 58. 

Mechanics. Problems in Elementary. By W. Walton, M.A. 6«. 



CAMBRIDGE SCHOOL AND COLLEGE 

TEXT-BOOKS. 

A Series of Elementary Treatises for the use of Students in the 

UniversitieSj Schools, and Candidates for the Public 

Examinations. Fcap, Qvo, 

Arithmetic. By Bev.C.Elsee, MA. Fcap. 8yo. 11th Edit. 8«.6i. 
Algebra. By the Bey. C. Elsee, M.A. 6th Edit. 4s. 
Arithmetic. By A. Wrigley, M.A. Ss, 6(i 
A Progressive Course of Examples. With Answers. By 

J. Watson, M.A. 5t1i Edition. 28. 6d. 

Algebra. Progressive Course ol Examples. By Bev. W. F. 
M*Mioliael, M^A., and R.Prowde Smith, M.A. 2nd Edition. S8.6d. With 
Answers. 48. 6d. 

Plane Astronomy, An Introduction to. By P. T. Main, M.A. 

4th Edition. 48. 

Oonio Sections treated Geometrically. By W. H. Besant, M.A. 
4th Edition. 48. 6d. Solution to the Examples. 48. 

Elementary Ccmio Sections treated Geometrically. By W. H. 
Besant, M.A. [,In the press. 

Statics, Elementary. By Bev. H. Gkx)dwin, D.D. 2nd Edit. 9s, 

Hydrostatics, Elementary. By W. H. Besant, M.A. 10th Edit. 4s. 

Mensuration, An Elementary Treatise on. By B. T. Moore, M.A. 6«. 

Newton's Frinoipia, The First Three Sections of, with an Appen- 
dix ; and the Ninth and Eleventh Sections. By J. H. Brans, M.A. 5th 
Edition, bj P. T. Main, M.A. 48. 

Trigonometry, Elementary. By T. P. Hudson, M.A. Zs, Cd. 

Optics, Geometrical With Answers. By W. S. Aldis, M.A. Ss, 6(2. 

Analytical Geometry for Schools. ByT.G.Yyvyan. SrdEdit. 4«.6d. 

Greek Testament, Companion to the. By A. C. Barrett, A.M. 
5th Edition, reyised. Fcap. Svo. 58. 

Book of Common Prayer, An Historical and Explanatory Treatise 

on the. By W. G. Humphry, B.D. 6th Edition. Foap. Svo. 48. 6d. 

Music, Text-book of. By H. C. Banister. 11th Edit, revised. 5s, 

Concise History of. By Bev. H. G. Bonavia Hunt, B. Mus. 

Oxon. 6th Edition revised. 38. 6d. 



ARITHMETIC AND ALGEBRA. 

See foregoing Series. 
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GEOMETRY AND EUCLID. 

Euolid. The First Two Books explained to Beginners. By C. P. 
Mason, B.A. 2iid Edition. Fcap. 8to. 2». 6d. 

The EnunciationB and Figures to Euclid's Elements. By Bey. 

J. Brasse, D.D. NewBdition. Fcap.Svo. 1«. On Oards, in case, 58. 6d. 
Without the Fignres, 6d. 

Ezeroises on Euclid and in Modem Geometry. By J. McDowell, 

BJL Grown Syo. 3rd Edition revised. 6$, 

Geometrical Oonio Sections. By W. H. Besant, M.A. 4th Edit. 

i», 6d. Solution to the Examples. 4a, 

Elementary Geometrical Conic Sections. By W. H. Besant, 

M. A. [In ths prtm. 

Elementary Geometry of Oonios. By C. Taylor, D.D. 8rd Edit. 
8vo. 4f. 6d. 

An Introduction to Ancient and Modem Geometry of Cotiios. 

By 0. Taylor, M.A. 8to. ISt. 

Solutions of Geometrical Problems, proposed at St. John's 

OoUege from 1830 to 1816. By T. Gaskin, M.A. 8vo. 128. 



TRIGONOMETRY. 

Trigonometry, Introduction to Plane. By Bev. T. G. Vyryan, 
Oharterhouse. Or. 8ro. Ss. 6d. 

Elementary Trigonometry. By T. P. Hudson, M.A. Bs, Cd. 
An Elementary Treatise on Mensuration. By B. T. Moore, 

M.A. 6s. 

ANALYTICAL GEOMETRY 

AND DIFFERENTIAL CALCULUS. 

An Introduction to Analytical Plane Geometry. By W. P. 

Tnmbnll, M.A. 8to. 128. 

Problems on the Principles of Plane Oo-ordinate Geometry. 

By W. Walton, M.A. 8yo. 168. 

Trilinear Oo-ordinates, and Modem Analytical Geometry of 

Two Dimensions. By W. A. Whitworth, M.A. 8to. 168. 

An Elementary Treatise on Solid Geometry. By W. S. Aldis, 

M.A. 2nd Edition reyised. 8yo. 88. 

Elementary Treatise on the Differential OalouluB. By M. 

O'Brien, M.A. 8yo. lOs. 6d. 

Elliptic Functions, Elementary Treatise on. By A. Cayley, MJL 
Demy 8vo. 158. 

MECHANICS & NATURAL PHILOSOPHY. 

Statics, Elementary. By H. Goodwin, D.D. Fcap. 8yo. 2ad 
Edition. 88. 

Dynamics, A Treatise on Elementaxy. By W. Gamett, M.A. 
Srd Edition. Orown 8to. 68. 

Dynamics. Bigid. By W. S. Aldis, M.A. 4«. 
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Elementajy Mechanics, Problems in. By W. Walton, M.A. New 

Edition. Crown 8vo. 68. 

Theoretical Mechanics, Problems in. By W. WUton. 2nd Edit. 
reyised and enlarged. Demy 8vo. \%s. 

Hydrostatics. ByW.H.BeBant,M.A. Fcap.dvo. 10th Edition. 4«. 

Hydromechanics, A Treatise on. By W. H. Besant, M.A., F.B.S. 
Syo. 4th Edition, revised. Part I. Hydrostatics. 5s. 

Dynamics of a Particle, A Treatise on the. By W. H. Besant, M.A. 

{Frvpaxvng, 
Optics, Geometrical. By W. S. Aldis, M.A. Fcap. 8yo. 8«. 6<i. 

Double Refraction, A Chapter on FresnePs Theory of. By W. S. 
Aldis, M.A. 8vo. 2a. 

Heat, An Elementary Treatise on. By W. Gamett, M.A. Crown 
8to. 2nd Edition revised. Ss. 6d. 

Newton's Principia, The First Three Sections of, with an Appen- 
dix ; and the Ninth and Eleventh Sections. By J. H. Evans, M.iu 5th 
Edition. Edited by P. T. Main, M.A. 48. 

Astronomy, An Introduction to Plane. By P. T. Main, M.A. 
Fcap. 8vo. doth. 4a. 

Astronomy, Practical and Spherical. By B. Main, M.A. 8yo. 14s. 

Astronomy, Elementary Chapters on, from the *Astronomie 
Physique* of Biot. By H. Goodwin, D.D. 8vo. 3«. 6d. 

Pure Mathematics and Natural Philosophy, A Compendium of 

Facts and FonnnlaB in. By G. B. Smalley. 2nd Edition, revised by 
J. McDowell, M.A. Fcap. 8vo. Ss. 6d. 

Elementary Course of Mathematics. By H. Goodwin, D.D. 

6th Edition. 8vo. 16s. 

Problems and Examples, adapted to the * Elementary Course of 

Mathematics.' 3rd Edition. 8vo. Ss. 

Solutions of Goodwin's Collection of Problems and Examples. 

By W. W. Hntt, M.A. 3rd Edition, revised and enlarged. 8vo. Os. 
Mechanics of Construction. With numerous Examples. By 

S. Fenwick, F.B.A.S. 8vo. 12s. 

Pure and Applied Calculation, Notes on the Principles of. By 

Bev. J. Ohallis, M.A. Demy 8vo. 15s. 

Physios, The Mathematical Principle of. By Key. J. Challis, M.A. 
Demy 8vo. 58. 



TECHNOLOGICAL HANDBOOKS. 

Edited by H. Trueman Wood, Secretary of the 
Society of Arts. 

1. Dyeing and Tissue Printing. By W. Crookes, F.R.S. 6«. 

2. Glass Manufacture. ByHemy Chance, M.A.; H.J. Powell, B.A.; 

and H. G-. Harris. 3s. 6d. 

3. Cotton Manufacture. By Bichard Marsden, Esq., of Man- 

chester. . [immediately. 

4. Telegraphs and Telephones. By W. H. Preece, F.B.S. 

[Pt^eparm^. 
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HISTORY, TOPOGRAPHY, &o. 

Boma and the Oampagna. By B. Bnm, M.A. With 85 En- 
gravings and 26 Mapi and Plant. With Appendix. 4to. 81. 8s. 

Old Borne. A Handbook for Travellers. By B. Bom, M.A. 
With Maps and Plans. DemySro. lOs. 6d. 

Modem Europe. By Dr. T. H. Dyer. 2nd Edition, reyieed and 
oontinned. 5 vols. Demy 8to. 21. \2m. M.. 

The History of the Kings of Rome. ByDr.T.RDyer. 8yo.l6«. 

The History of Pompeii: its Buildings and Antiquities. By 
T. H. Dyer. 8rd Edition, brought down to 1874. Post 8to. 7s. 6d. 

Ancient Athens: its History, Topography, and Bemains. By 
T. H. Dyer. Super-rojal 8to. Oloth. 11. 5s. 

The Decline of the Roman Republic. By G. Long. 5 vols. 

Svo. 14s. each. 
A EOstory of England during the Early and Middle Ages. By 

0. H. Pearson, M.A. 2nd Edition revised and enlarged. Svo. Vol. I. 
16s. Vol. U. 148. 

Historical Maps of England. By 0. H. Pearson. Folio. 3rd 
Edition reyised. 81s. 6d. 

History of England, 1800-16. By Harriet Martineau, with new 
and oofrioas Index. 1 rol. 8s. M» 

History of the Thirty Years' Peace, 1815-46. By Harriet Mar- 
tineau. 4 Tols. 8s. 6d. each. 

A Practical Synopsis of English History. By A. Bowes. 4tb 
Edition. 8to. 2s. 

Student's Text-Book of English and General History. By 
D. Beale. Grown 8ro. 2s. 6d. 

Llyes of the Queens of England. By A. Strickland. Library 
Edition, 8 rols. 7s. 6d. each. Oheaper Edition, 6 vols. Ss. each. Abridged 
Edition, 1 rol. 6s. 6d. 

Sginhard's Life of Earl the Great (Charlemagne). Translated 
with Notes, \>j W. Olaister/M.A., B.O.L. Grown 8to. 4s. Qd, 

Outlines of Lidian History. By A. W. Hughes. Small Post 

8to. 8s. 6d. 

The Elements of General History. By Prof. Tytler. New 
Edition, brought down to 1874. Small Post 8vo. Ss. 6d. 

ATLASES. 

An Atlas of Classical Geography. 24 Maps. By W. Hughes 
and G. Long, M.A. New Edition. Imperial 8to. 12s. 6d. 

A Grammar-School Atlas of Classical Geography. Ten Maps 

selected from the above. New Edition. Imperial 8to. Ss. 

Tint Classical Maps. By the Bev. J. Tate, M.A. 8rd Edition. 
Imperial Svo. 7s. 6d. 

BtMBdard Library Atlas of Olassloal Geography. Imp. 8yo. Is. 6(2. 
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PHILOLOGY. 

WEBSTER'S DICTIONABY OF THE ENGLISH LAN- 

OUAOB. With Dr. Malm's EtTmology. 1 vol. 1628 pages, 3000 Illus. 

trations. 2l8. With Appendices and 70 additional pages of Illastra- 

tions, 1919 pages, 31<. 6d. 

' Thb BB8T PBAonoAL EHeusH DzcTZOVABT IXTAVT.' — (Quarterly E&mno, 1873. 

Prospeotnses, with specimen pages, poet free on application. 

New Diotionary of the English Language. Cknnbining Explan- 
ation with Btymology, and copiously illustrated by Quotations from the 
best Authorities. By Dr. Richardson. New Bdition, with a Supplement. 
2 Tols. 4to. 41. 148. 6a.; half mssia, 51. 156. 6d.; mssia, 61. 12«. Supplement 
separately. 4to. 12s. 

An 870. Edit, without the Quotations, 158.; half russia, 208.; mssia, 248. 

Supplementary English Glossary. Containing 12,000 Words and 
Meanings occurring in English Literature, not found in any other 
Dictionary. By T. L. O. Dayies. Demy Svo. 168. 

Folk-Etymology. A Dictionary of Words perverted in Form or 
Meaning by False Derivation or Mistaken Analogy. By Bev. A. 8. Palmer. 
Demy Svo. 2l8. 

Brief History of the English Language. By Prof. James Hadley» 
LL.D., Yale College. Fcap. 8to. It. 

The Elements of the English Language. By E. Adams, Ph.D. 

19ih Edition. Post Svo. 48. 6d. 
Philologloal Essays. By T. H. Key, M.A., F.B.S. 8yo. lOs. 6(2. 
Language, iti Origin and Development By T. H. Key, M.A.» 

F.B.8. Svo. 14b. 

Synonyms and Antonyms of the English Language. By Arch- 
deacon Smith. 2ndBditioii. Post Svo. Ss. 

Synonyms Discriminated. By Archdeacon Smith. Demy Svo. 16«. 

Bible English. By T. L. 0. Davies. 5«. 

The Queen's English. A Manual of Idiom and Usage. By the 
late Dean Alf ord 6th Edition. Fcap. 8to. 58. 

Etymological Glossary of nearly Q500 English Words de- 
rived from the Greek. By the Bev. E. J. Boyoe. Fcap. Svo. Ss. 6d. 

A Syriao Grammar. By G. Phillips, D.D. 8rd Edition, enlarged. 

8vo. 78. 6d. 

A Grammar of the Arabic Language. By Bev. W. J. Bea- 
mont, M.A. 12mo. la. 



DIVINITY, MORAL PHILOSOPHY, &o. 

Novum Testamentum Gneoum, Textns Stephanici, 1550. By 
F. H. Scrivener, A.M., LL.D., D.O.L. New Edition. 16mo. 48. 6d. Also 
on Writing Paper, with Wide Margin. HaU-bonnd. 128. 

By the same Author, 

Oodex BezsB Oantabrigiensis. 4to. 26«. 

A Full Collation of the Codes Shiaiticus with the Beceived Text 
ef the New Testament, with Critical Introduction. 2nd Edition, revised. 
Fcap. 8vo. 58. 

A Plain Introduction to the Criticism of the New Testament 

With Forty Facsimiles from Ancient Manuscripts. 3rd Edition. 8vOil8s. 



12 George Bell and Sons* 

Six Lectures on the Text of the New Testament. For English 

Beaders. Grown 8to. 08. 

The New Testament for English Beaders. By the late H. Alford, 

D.D. VoL I. Part I. 8rd Edit. 128. Vol. I. Part n. 2nd Edit. lOs. 6d. 
Vol. II. Part I. 2nd Edit. 168. Vol. U, Part U. 2nd Edit. 16s. 

The Greek Testament. By the late H. Alford, D.D. Vol I. 6th 
Edit. 11. 88. YoL H. eth Edit. 11. 4a. Vol. ni. 5th Edit. 188. Vol. lY. 
Part 1. 4th Edit. 188. Vol. lY. Part II. 4th Edit. 148. YoL lY. 11. 128. 

Companion to the Greek Testament By A. 0. Barrett, M.A. 

5tii Edition, revised. Eoap. 8to. 58. 

The Book of Psahns. A New Translation, with Introductions, &o. 
By the Yery Rev. J. J. Stewart Perowne, D.D. 8yo. Yol. I. 5th Edition* 
1& YoL n. 5th Edit. 168. 

Abridged for Schools. 4th Edition. Grown 8to. lOt. M, 

History of the Articles of Religion. By C. H. Hardwick. 8rd 
Edition. Port 8yo. 58. 

History of the Creeds. By J. B. Lumby, D.D. 2nd Edition. 
Crown 8to. 78. 6d. 

Peartfon on the Oreed. Carefully printed from an early edition. 
With Analysis and Index by E. Walford, M.A. Port 8to. 58. 

An Historical and Explanatory Treatise on the Book of 

Common Prayer. By Bev. W. G. Humphry, B.D. 6th Edition, enlarged. 
Small Port 8yo. 48. 6d. 

The New Table of Lessons Explained. By Bev. W. G. Humphry, 

B.D. Foap. 18. 6d. 

A Commentary on the Gospels for the Sundays and other Holy 
Days of the Christian Year. By Bev. W. Denton, AM. New Edition. 
3 vols. 8yo. 548. Sold separately. 

Commentary on the Epistles for the Sundays and other Holy 
Days of the Christian Year. By Bev. W. Denton, AM. 2 toIs. 368. Sold 
separately. 

Commentary on the Acts. By Bev. W. Denton, A.M. Yol. I. 

8ro. 188. YoLn. 148. 

Notes on the Catechism. By Bev. Canon Barry, D.D. 6th Edit. 
Fcap. 28. 

Catechetical Hhits and Helps. By Bev. E. J. Boyee, M.A. 4th 

Edition, revised. Fcap. 28. 6d. 

Examination Papers on Religious Instruction. By Bev. E. J. 

Boyoe. Sewed. 1<. 6d. 

Church Teaching for the Church's Children. An Exposition 

of the Catechism. By the Bev. F. W. Harper. Sq. Fcap. 28. 

The Winton Church Catechist. Questions and Answers on the 
Teaohinff of the Chnrch Cateohism. By the Ute Ber. J. S. B. Monsell* 
LL.D. 3rd Edition. Cloth, 88.; or in Four Parts, sewed. 

The Church Teacher's Manual of Christian Instruction. By 

Bey. M. F. Sadler. 28th Thousand. 28. 6d. 

Short Explanation of the Epistles and Gospels of the Chris- 
tian Year, with Questions. Boyal 32mo. 28. 6d.; cflJf, 48. 6d. 

ButlefM Analogy of Beligion; with Introduction and Index by 
Ber. Dr, Steere. New Edition. Foap. 88. 6d. 
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Lectures on the History of Moral Philosophy in England. By 
W. Whewell, D.D. Orown 8vo. 8«. 

Kent's Ck>mmentary on International Law. By J. T. Abdy, 

LL.D. New and Oheap Edition. Grown 8to. 10s. 6d. 

A Manual of the Roman CItU Law. By G. Leapingwell, LL.D. 
8yo. 128. 



FOREIGN CLASSICS. 

A ieries for use in SehooUj with English Notes, grammatical and 
explanatory, and renderings of difficult idiomatic expressions. 

Fcap, Qvo, 

Schiller's ^Wallenstein. By Dr. A. Buchheim. 3rd Edit. 6«. 6(2. 
Or the Lager and Piooolomini, 3& 6d. Wallenstein's Tod, Ss. 6d. 

Maid of Orleans. By Dr. W. Wagner. 38. 6(2. 

Maria Stuart. By V. Kastner. 3«. 

Gk>ethe's Hermann and Dorothea. By E. Bell, M.A., and 

B. Wolf el. 28. 6d. 
(German Ballads, from Uhland, Goethe, and Schiller. By 0. L. 
Bielefeld.- 3rd Edition. Ss. 6d. 

Oharles XII., par Voltaire. By L. Direy. 4th Edition. 3s, 6(2. 

Aventures de T616maque, par F6n61on. By C. J. Delille. 2nd 
Edition. 4a. 6d. 

Select Fables of La Fontaine. By F. E. A. Gaso. 14th Edition. 3«. 
Flcciola, by X.B. Saintine. By Dr.Dubuc. 11th Thousand. Is, 6(2. 



FRENCH CLASS-BOOKS. 

Twenty Lessons in French. With Vocabulary, giving the Pro- 
nunciation. By W. Brebner. Post Sro. 4a. 

French Grammar for Public Schools. By Bev. A. C. Clapin, M.A. 

Fcap. 8to. 9th Edition, revised. 28. 6d. 

French Primer. By Bey. A. G. Clapin, M.A. Fcap. 8yo. 5th Edit. 

Lj. 

Primer of French Philology. By Bev. A. C. Clapin. Fcap. 8yo. 

2nd Edit. Is. 

Le Nouveau Tr^sor; or, French Student's Companion. By 
M. B. S. 16th Edition. Fcap. 870. 8s. 6d. 

F. E. A. GASC'S FRENCH COURSE. 

First French Book. Fcap. 8yo. 86th Thousand. Is, 6(2. 
Second French Book. 42nd Thousand. Fcap. 8yo. 2s, 6(2. 
Key to First and Second French Books. Fcap. 8yo. 3«. 6(2. 
French Fables for Beginners, in Prose, with Index. 15th Thousand. 

12mo. 28. 

Select Fables of La Fontaine. New Edition. Fcap. 8yo. Ss. 
Histoires Amusantes et InstmotiYes. With Notes. 14th Thou. 

sand. Fcap. 8to. 28. 6d. 
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Praotloal Q-ulda to Modem French Conyeraation. 12th Then- 
Band. Foap. 8to. 20. 6d. 

French Poetry for the Young. With Notes. 4th Edition. Foap. 

8to. 2s. 

Materials for French Prose Composition; or, Selections from 

the best BngliBh ProM Writers. 16th Thoiuand. Foap. Svo. 4s, 6d. 
Key, 6s. 

Prosateurs Oontemporalns. With Notes. 8yo. 6th Edition, 
revised. 58. 

Le Petit Oompagnon; a French Talk-Book for Little Children. 

11th Thousand. 16mo. 2s. 6d. 

An Improved Modem Pocket Dictionary of the French and 

English Languages. SOfch Thousand, with Additions. 16ino. Oloth. 4n. 
Also in 2 vols, in neat leatherette, 56. 

Modem French-English and English-French Dictionary. 2nd 

Edition, revised. In 1 vol. 12s. 6cl. (formerly 2 vols. 258.) 

GOMBEBT'S FBENCH DBAMA. 

Being a Selection of the hest Tragedies and Comedies of Molidre, 

Raoine, Oomeille, and Voltaire. With Axvoments and Notes by A. 

Gombert. New Edition, revised by T, B. A. Oasa Foap.'Svo. Is. ea<^} 

sewed, 6d. CowTmrrB. 

MoLXiBK :— Le MiAmthrope. L' Avare. Le Bourgeois GentUhomme. La 

Tartnffe. Le Malade Imaginaire. Les Femmes Savantes. Les Fourberiee 

de Scapin. Les PrMeuses Bidioules. L'Boole des Femmes. L'Boole del 

Maris. Le MMeoin malgrtf Lui 

Baoxxtb ;— PhMre. Esther. Athalie. Iphigtfnie. Les Plaideurs. La 
ThAialde; ou, Les Frdres Bnnemis. Andromaque. Britannions. 

P. OoBVBiLLB:— LeOid. Horaoe. Oinna. Polyeucte. 

VOLTAZBB ;— Zaire. 



GERMAN CLASS-BOOKS. 

Materials for German Prose Ck)mposition. By Dr Bnohheim. 

7th Edition Foap. 4s. 6d. Key, 8s. 

Wortfolge, or Bules and Exercises on the Order of Words in 

German Sentences. By Dr. F. Stock. Is. 6d. 

A German Grammar for Public Schools. By the Bey. A. 0. 

OlapinandF. HollMtUler. 2nd)Bdition. Fcap. 2s. 6d. 

Kotzebue's Der Gefiemgene. With Notes by Dr. W.Stromberg. It. 



ENGLISH CLASS-BOOKS. 

A Brief History of the English Language. By Prof. Jas. Hadley, 

LL.D., of Yale OoUege. Foap. 8vo. Is. 

The Elements of the English Language. By E. Adams, PhJ). 

19th Edition. PostSro. 4s. 6d. 

The Rudiments of English Grammar and Analysis. By 

B. Adams, Ph.D. 8th Edition. Foap. 8?o. 2s. 
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By G. P. Mason, Fellow of Univ. GoU. London. 
First Notions of Grammar for Yonng Learners. Fcap. 8yo. 

lOth Thousand. C^oth. 8d. 

'Word Building in English, reprinted for Elementary Schools from 
the Shorter English Grammar. 3d. 

First Steps in English Grammar for Jmiior Glasses. Demy 

ISmo. 32nd Thousand. Is. 

Outlines of English Grammeu* for the use of Junior Glasses. 

31st Thousand. Grown 8vo. 28. 

English Grammar, including the Principles of Grammatical 

Analysis. 25th Edition. 86th Thousand. Grown Svo. 8s. 6d. 

A Shorter English Grammar, with copious Exercises. 8th Thou- 
sand. Grown 8vo. Ss. 6d. 

English Grammar Practice, being the Exercises separately. 1«. 



Practical Hints on Teaching. By Key. J. Menet, M.A. 6th Edit. 

revised. Grown 8yo. cloth, 28. 6d. ; paper, 28. 

How to Earn the Merit Grant. A Manual of School Manage- 
ment. Bj H. Major, B.A., B.Sc. Part I. Infant School, 3s. Part II. 4s. 
Gomplete, 68. 

Test.Lessons in Dictation. 2nd Edition. Paper cover, Is, 6(2. 
Questions for Examinations in English Literature. By Bey. 

W. W. Skeat, Prof, of Anglo- Saxon at Gambridge UniTersiliy. 28. 6d. 

Drawizig Copies. By P. H. Delamotte. Oblong Svo. 12«. Bold 
also in parts at Is. each. 

Poetry for the School-room. New Edition. Fcap. 8yo, Is, 6(2. 

Geographical Text-Book ; a Practical Geography. By M. E. S. 
12mo. 28. 

The Blank Maps done up separately, 4to. 28. coloured. 

Iioudon's (Mrs.) Entertaining Naturalist. New Edition. Beylsed 

by W. S. Dallas, F.L.S. Ss. 

Handbook of Botany. New Edition, greatly enlarged by 

D. Wooster. Fcap. 28. 6d. 

The Botanist's Pocket-Book. \^th a copious Index. By W. B. 

Hayward. 3rd Bdit. revised. Growh 8yo. cloth Ump. 48. 6d. 

Experimental Chemistry, founded on the Work of Dr. Stdckhardt. 
By G. W. Heaton. Post 8to. 5s. 

DouUe Entry ElucidatecL By B. W. Foster. 12th Edit. 4ta 

38. 6d. 

A New Manual of Book-keeping. By P. Crellin, Accountant 

Grown Svo. Bs. €d. 

Picture School-Books. In Simple Language, with numerous 
Illustrations. Royal 16mo. 

School Primer. 6d.— School Reader. By J. Tilleard. I*.— Poetry Boek 
for Schools. Is.— The Life of Joseph. l8.— The Scriptore Parables. By the 
Rev. J. B. Glavke. l8.— The Scripture Miracles. By the Rev. J. E. GlariEe. 
l8.— The New Testament History. By the Rev. J. G. Wood, li.A. !«.— The 
Old Testament History. By the Rev. J. G. Wood, M.A. la.— The Stoiy of 
Bnnyan's Pilgrim's Projarress. l8.— The Life of Ghristopher Golumbus. By 
{Sarah Grompton. Is.— The Life of Martin Luther. By Sieurith Cron^tton. U. 
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BOOKS FOR YOUNG READERS. 

A Series of Rending Books designed to facilitate the acquisition ofthepmaer 
ofJteading by very young Children. In 8 vols, limp cloth, 8t?. each. 

The Oat and the Hen. Sam and his Dog Bedleg. ^ 
Bob amd Tom Lee. A Wreck. • ( 

The New-born Lamb. The Bosewood Box. Poor f 
Fan. Sheep Dog. ) 

The Story of Three Monkeys. 

Story of a Cat. Told by Herself. 

The Blind Boy. The Mute Girl. 

Babes in a Wood. ^ 

The Dey and the Knight. The New Bank Note. 

The Bojal Yisit. A King's Walk on a Winter's Day. 

Queen Bee and Busy Bee. 

Gull's Crag. 

A First Book of Geography. By the Bev. C. A. Johns, 
ninstrated. Double size, Is. 



A New Tale of 



Suitable 

for 

Standards 

I. & 11. 



SuiUibU 

for 
Standards 

n. & in. 



BELL'S READING-BOOKS. 

FOB SCHOOLS AND PAROCHIAL LIBRARIES. 

The popularity of the ' Books for Young Readers ' is a sulBoient proof that 
teachers and pupals alike approre of the use of interesting stories, m plaoa of 
the dry combmation of letters and syllables, of which elementary readinsr- books 
generally consist. The Publishers hare therefore thought it advisable to extend 
the application of this principle to books adapted for more advanced readers. 

Now Beady, Post Svo. Strongly hound, 
Grimm's German Tales. (Selected.) Is, 
Andersen's Danish Tales. (Selected.) Is. 
Great Englishmen. Short Lives for Young Children. Is. 
Great Englishwomen. [In tJie press. 

Lamb's Tales from Shsikespeare. (Selected.) Is, 
Xdgeworth's Tales. A Selection. ' Is. 
Friends in Fur and Feathers. By Gkwynfiyn. Is. 
Parables from Nature*. (Selected.) ByMrs. Gatty. Is. 
The Light of Truth, and other Parables. . By Mrs. 
Gatty. Is. 

Masterman Beady. By Capt. Manyat. (Abgd.) Is.Sd. 

Settlers in Canada. By Capt. Manyat. (Abdg.) l«.6d 

Gulliver's Travels. (Abridged.) Is. 

Robinson Crusoe. Is. Qd, 

The Vicar of Wakefield. Abridged. Is. 

Marie; or, Glimpses of Life in France. - By A B. Ellis. 

u 

Poetry fwr Boys. By D. Munro. Is. 

Southey'8 Life of Nelson. (Abridged.) Is, 

Ufe of the Duke of Wellington, vntii Maps and Plans. Is, 

The Bomance of the Coast. By J. Bonciman. 1^. 



Standards 
IV. & V. 



Standard 
VI. 
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